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Abstract

A knowledge space is a structure for representing prerequisite rela-
tionships between items from a specified branch of knowledge. These
relationships can be applied to assess students’ knowledge adaptively.
These prerequisite relationships are obtained by querying experts. Very
often, however, the experts’ opinions on these prerequisite relation-
ships differ. One suggestion to deal with this problem is to consider
only those relationships on which the majority of the experts agree. A
straightforward algorithm for computing these majority relationships
is given,

This procedure does, however, have the disadvantage that the in-
tersection of knowledge spaces has to be computed, which has turned
out to be very large in practice. We solve this problem with procedure,
that computes this intersection using only the bases of the knowledge
spaces considered.

1 Introduction

Procedures for the adaptive assessment of students’ knowledge are useful
tools for supplementing computer aided instruction and everyday school
classes. An adaptive assessment system requires a large pool of items from
the field of knowledge under consideration. These items are, for example,
descriptions of skills or examination questions. For each individual student,
a small number of questions are selected from this large item pool, and se-
quentially presented to the student. With each new question, the student’s

*We would like to thank an unknown referee for the careful review of this paper which
helped to considerably shorten the theorem 3.2 and its proof.
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answers to all previous questions are considered, and the questions are in-
creasingly adapted to the student’s individual knowledge. Such an adaptive
procedure is controlled by prerequisite relationships between the items. Pre-
requisite relationships are obtained by querying experts with the help of a
computerized procedure (Dowling, 1993a; Koppen 1993). The following ex-
ample illustrates a set of items and their prerequisite relationships.

Example 1: Dowling (1991) determined prterequisite relationships between
28 skills required for using the CAD system Autocapl. As an example we
list five of these 28 skills: '

being able to use the function circle
being able to use the function arc
being able to use the function ring
being able to use the function ellipse
e being able to use the function line
For these items, one expert determined the prerequisite relationships shown
in Figure 1.
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Figure 1: Prerequisite relationships between the items a,b,¢c,d, e

These prerequisite relationships are illustrated by an and-or-graph which
corresponds to the following set of assertions accepted by the expert.

1. If a student has mastered item d, then he/she will also have mastered the item a,
2. if a student has mastered item d, then he/she will also have mastered the item b
or ¢ (or both),

3. if a student has mastered item b, then he/she will also have mastered the item a,
4. if a student has mastered item a, then he/she will also have mastered the item e,

! AutoCAD is a trademark of AutoDesk.
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and, conversely,
5. if a student has mastered item e, then he/she will also have mastered the item a.

A knouwledge state is a subset of the complete set of items, which does
not contradict these prerequisite relationships.

Example 2: Let Q be the set of items {a,b,c,d,e} from the example 1
above. The set {b,c,e}, for example, is not a knowledge state because it
contains b but not a, and thus contradicts the accepted assertion 3. For
this example, the set of all knowledge states is the set K = {0, {c}, {a,e},
{a,b,¢}, {a,c, e}, {a,b,c,e}, {a,c,d, e}, {a,b,d,e}, Q}.

The set of knowledge states in the example above contains the empty set (),
the set @ itself, and has the property that it is closed under union. A fa-
mily K of subsets of the set @ with these properties is called a knowledge
space (Doignon & Falmagne, 1985). Knowledge spaces are structures for
representing prerequisite relationships. A compressed way of storing prere-
quisite relationships is to store just the basis of a knowledge space. A basis
consists of those elements of the knowledge space which cannot be obtained
as the union of other members of the space. The basis B of a knowledge
space is its smallest subset of states from which the complete space can be
reconstructed by its closure under union. For knowledge spaces on a finite
item set such a basis always exists. The closure under union of a family F
of sets is written as Y. A knowledge space K can therefore be regarded as
the closure under union BY of its basis B.

Example 3: The basis of the knowledge space in example 2 is the fa-
mily B = {{c},{a,e},{a,b,e},{a,c,d,e},{a,b,d,e}}.

Knowledge spaces or their bases can be derived from the Jjudgment of experts
concerning prerequisite relationships among the items. In practice, howe-
ver, we are confronted with the problem that different experts have different
experiences, and therefore yield different knowledge spaces. Dowling (1994)
has suggested using for the adaptive assessment only those prerequisite re-
lationships on which the different experts agree. These common prerequi-
site relationships are represented by the closure under union of the union
(U1 K;)" of the knowledge spaces K; from the different experts, where n
is the number of experts (Dowling, 1994).

Conversely, the intersection of the knowledge spaces K, N, K;, repres-
ents the set of prerequisite relationships which have been accepted by at
least one of the experts.

The knowledge space (U, K:)" is, however, often too large for an effi-
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cient adaptive assessment, because too rha.ny prerequisite relationships are
discarded. It might, therefore, be useful not only to consider the prere-
qliisite‘relationships on which all experts agree, but to use the prerequisife
relationships on which the majority of the experts agree. More precisely,
we intend to determine the knowledge space KM representing prerequisite
relationships on which m out of n experts agree, for a constant number m.
This knowledge space is computed as

.ICM.—.ﬂ{(U}Ci)U[Ig{l,...,n}and [I[:m}. (1)
iel

In practice, we are confronted with the problem that the intermediary know-
ledge spaces (U;cr K:)" are extremely large. As a rule, the computation
of (Uier K;)" is either costly, or it cannot be finished in feasible time; ex-
amples can be found in section 5.

In this paper, we suggest a procedure for computing the knowledge
space KM which avoids the intermediary computation of the knowledge
spaces (J;e; Ki)” altogether. To compute K™ we use only the bases of the
intermediary knowledge spaces, and not the knowledge spaces themselves.

In section 2, we introduce the previous results required to understand
the new intersection procedure; in section 3, we describe the main results of
this paper, and in section 4, we prove the theorems from section 3.

2 Previous Results

Doignon and Falmagne (1985) have suggested a convenient structure for
representing and—or-graphs, which we define next.

Definition 2.1: Let Q be a finite set, and let F be the set of all families
F of subsets of @ with the property that, for each F € F, and all ¢ € Q,
there exists a subset X € F with ¢ € X. For a family F € F, we call a set
X € F minimalfor ¢ if ¢ € X, and thereisno Y € F withqge Y C X.

A surmise system o is a mapping from @ to F \ {f} which assigns to
each ¢ € @ a family of subsets of @, called the clauses for q. Let & be the
set of all surmise systems on Q.

Define a mapping s : # — & by setting for all ¢ € Q, C € s(F)(g) if
and only if C is minimal for ¢ in F, and define a mapping k : & — F by

~ requiring for any X C @, that X € k(o) if and only if for any ¢q € X, there

exists C' € o(q), such that C C X.
A surmise system o € G is called space-like if the following three axioms

are satisfied for all ¢ € @, and C,C’ € o(q).
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[R] If C € o(g), then g € C.
[T] For all ¢’ € C, there exists a C" € o(q') such that C” C C.
X CCC orC'"CC,then C=C".

Doignon and Falmagne (1985) have shown that the mappings s and k
defined above establish a Galois connection between the families of subsets
of @ and the surmise systems on ). The theorem 2.1 below follows from
this fact.

Theorem 2.1: (Doignon & Falmagne, 1985)

The pair of mappings (k, s) from the definition above induces a one-to—one
correspondence between the knowledge spaces on the set Q and the space—like
surmise systems on that set. For each family F € F of sets, the surmise sy-
stem s(F) is a space~like surmise system, and, for a surmise system o € &,
the family k(o) of subsets is a knowledge space. The combined correspon-
dence (k o s) maps a family F into the smallest knowledge space containing
F. Conversely, the map (s o k) assigns to o a space-like surmise system.

The space-like surmise system (sok)(o) is the smallest space-like surmise
system larger than or equal to o with respect to an ordering relation which
will be introduced in section 4.

Example 4: The following is one surmise system that represents the and-
or—graph from figure 1:

o = o) ={{e}}
b o(b)={{a})
¢ = o(c)={0)
~ o(d) = {{a,c}, {a,b}}
e v ofe)={{a)}

The space-like surmise system (so k)(o) is given below:

a — oa)={{a,e}}

b — o(b) = {{a,b,e}} »

¢ = ale)= {e}) |

d — o(d)={{a,c,d,e},{a,b,d,e}}
— o(e) = {{a,e}}



s

Note that the space-like surmise system (sok)(c) fulfills the axioms R],
[T], and [I] from the definition 2.1. Note also that the union Useo o(2) =
{{c}, {a,¢},{a,b,¢e}, {a,c,d,e}, {a,b,d,e}}is equal to the basis BB displayed
in example 3. A

From the example above, we see that each clause C € o(q) in a space—
like surmise system is equal to a state minimal for ¢ in the corresponding
knowledge space.

3 Main results

The new procedure for computing “majority spaces” requires an algorithm
for computing the basis of the intersecting space ﬂ;zl K; from the bases
of the knowledge spaces K;, where ! corresponds to their number. Such a
procedure is developed in this section. It consists of two parts:

o In the first part, a surmise system T is computed from the [ bases B;
of the knowledge spaces K; which can be assigned to the intersecting
knowledge space by the map k from definition 2.1.

¢ In the second part, we compute the space-like surmise system (sok)(7),
so that the axioms [R], [T], and [I] are fulfilled.

Theorem 3.1 contains the results for the first part mentioned above. It
shows that the knowledge space derived from the surmise system 7 is indeed
equal to the intersection of the knowledge spaces K;.

Theorem 3.1: For j =1,...,l, let 0; be surmise systems on Q and let K;
be the corresponding knowledge spaces, i. e. K; = k(g;). If T is the surmise
system defined by setting

l
r@={J ;16 e aila)}, (2)

then we obtain

!
k(r) = K;. (3)

j=1

In the following theorem we describe an algorithm which constructs, for
a given surmise system 7, the space-like surmise system (s 0 k)(r) which
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represents the same knowledge space as 7, since the same knowledge space
K is assigned to both surmise systems by the mapping & from definition 2.1.

Theorem 3.2: Let Q) be a finite set, let T be a surmise system on @, and let
K = k(r) be the knowledge space assigned to T by the map k. The following
algorithm constructs the space-like surmise system (s o k)(7).

for all ¢ € Q do
for all C € 7(q) do
if ¢ ¢ C then replace C € 7(q) by (C U {¢}); i
od
od
restrict 7(g) to its minimal elements;
while (for some g€ @, C€1(q),d €C :C'er(¢) = C'"¢Z C) do
replace C € 7(q) by the set {CUC’: ' € 7(¢')};
restrict 7(q¢) to its minimal elements;
od

4 Proofs of the theorems in section 3

The proofs of the theorems are based on results by Doignon and Falmagne
(1985), which have been partially introduced in section 2.

Definition 4.1: (Doignon & Falmagne, 1985)

Let & be the set of all surmise systems on a finite set Q). For any o,0’ € &,
we define a relation C by setting o’ C o if, for all ¢ € @ and C € o(q), there
exists a C' € o'(¢) such that ¢’ C C.

Doignon and Falmagne have pointed out, that the relation C is a quasi order |
on &; i.e., it is reflexive, and transitive (but not generally antisymmetric).
This quasi order C induces an equivalence relation = on ¢. For any surmise
systems 0,0’ € &, we write o C o’ if and only if o C ¢’ and o % ¢'.

Theorem 4.1: (Doignon & Falmagne, 1985)

Let F be the family of sets, & the set of all surmise systems, and (s,k)
the pair of mappings defined in definition 2.1. The pair (s, k) is a Galois
connection between F and &, and therefore the following four conditions are
fulfilled for any 0,0’ € &, and for any F,F' € F.

(i). If F C F', then s(F) 3 s(F').



(i1). If o C o', then k(o) D k(o).
(iii). F C (ko s)(F).
(iv). 0 C (sok)(o).

Proof of theorem 3.1:
We first prove k(1) C =, K; for knowledge spaces K; = k(r;), the surmise
system 7, and the map k from definition 2.1. From the definition of the
relation C, and from the definition of 7 and ¢; in theorem 3.1, it follows
that o; C 7. With axiom (ii) in theorem 4.1 we obtain k(1) C k(0;), for all
j =1,...,1, and therefore the result follows.
We now prove ﬂ§=1 K; C k(). Let X be an element of the intersection
§___1 K;; this intersection ﬂ;-;.l K; is not empty since at least the empty set
and the set Q itself are elements of each of the knowledge spaces K;. Using
the definition 2.1 of the map s, it follows that for each item ¢ € X, there
exists a clause C; € o0;(g) with C; C X. Therefore the union U§-=1 C; is also
a subset of X. Using the definition of 7 in the theorem, we obtain that this
set is U§=1 C; € 7(q). Thus, for each ¢ € X, we have a clause Uj-,__l C;eT(q)
for which U;'=1 C; C X. Trom the definition of k it follows, that X € k().

Proof of theorem 3.2:

The proof consists of two main parts: We have to prove that the algorithm
terminates, and that the resulting surmise system satisfies the properties
[R], [T}, (1], and [K] given below (see also definition 2.1):

[R] For all g € @, if C € 7(g), then g € C.

[T] For all ¢ € Q, C € 7(g), and ¢’ € C, there exists a C’ € 7(¢') such that
c'cc. '

[i] For all ¢ € Q, and for all C,C" € 7(g), if C C C’, then C' = .
[K] For all K € K and ¢ € K, there exists a C' € 7(g) such that C' C K.

The termination of this algorithm is guaranteed by the finiteness of @,
since in any pass through the while-loop, by the choice of ¢, C, and ¢, all
replacement sets C' U C’ are strict supersets of C.

The surmise system 7 clearly satisfies the property [R] as soon as the two
nested for-loops are terminated. It also satisfies property [K] since passes
through the for-loops cannot invalidate this property. It is easy to see that
the following restriction-statement does not destroy these properties [R] and









