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Abstract

The Correlational Agreement Coefficient, CA(<,D), was introduced by J.F.J. van Leeuwe in
1974 within Item Tree Analysis (ITA), a data-analytic method to derive quasi orders (surmise
relations) on sets of bi-valued test items. Recently, it has become of interest in connection with
Knowledge Space Theory (KST). The coefficient CA(<,D) is used as a descriptive goodness-of-
fit measure to select out of competing surmise relations one with maximal CA(<,D) value.
Formal aspects like boundedness, decomposition, and the interplay between consistency of a
surmise relation (with a binary data matrix) and the attainment of the maximum value of
CA(=<,D) are investigated. Dependence of CA(<,D) on trivial response patterns is quantified by a
functional relationship that allows one to bunch the impact of trivial response patterns in a
single “bias term”. These considerations should warn against inconsiderate use of the
coefficient. Mathematical reasons for failed, however, heuristically plausible, properties are
presented.
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1. Introduction
1.1. Preliminaries

In the field of knowledge assessment and acquisition based on prerequisite
relationships, a central problem is to derive reflexive, transitive binary relations on
sets of bi-valued test items. This is done for modeling hierarchies between items based
on solvability dependencies of the type: “Given a positive response to an item J (e.g.,
J solved), it can be surmised that another item / will also be responded to positively
(e.g., I solved)”. Such binary relations (quasi orders) are central within Knowledge
Space Theory (KST) introduced by Doignon and Falmagne (1985, 1999). In KST,
they are called surmise relations. However, given a field of knowledge and a set of
bi-valued test items appropriate enough to allow for fine-grained and representative
coverage of the field, the problem is how to establish a reasonable surmise relation on
the item set. Item Tree Analysis (ITA) is a data-analytic method for the derivation of
surmise relations on sets of bi-valued test items. ITA was introduced by Airasian, Bart,
and Krus in 1973 (Airasian and Bart, 1973; Bart and Krus, 1973) and was developed
into the present form by Leeuwe (1974). In particular, Lecuwe (1974) introduced the
Correlational Agreement Coefficient, CA(<,D), as part of ITA." In ITA, CALD) is
used as a descriptive goodness-of-fit measure to select out of competing surmise
relations one with maximal CA(<Z,D) value.

Recently, ITA, and in particular, CA(<,D), has become of interest in connection with
KST; see Held et al. (1995), Held and Korossy (1998), Schrepp (1999, 2003), and Schrepp
et al. (1999). For the application of efficient adaptive computer-based knowledge
assessment procedures, one requires surmise relations of “a trade-off type”. On the one
hand, it should reflect the data as well as possible (descriptive adequacy) and on the other
hand, it should be of as large as possible cardinality as a set. The authors tried to achieve
this by applying ITA and the coefficient CA(<,D) (cp. Section 12).

Leeuwe (1974) reports:> .. .This coefficient [partial order reproducibility coefficient]®
cannot serve therefore [stationarity in tolerance level L=0] as a criterion for choosing the
best solution. . .This procedure [CA(Z,D)] has the advantage that it gives a lower value
not only in the case that too many relations are constructed [larger tolerance levels], but
also in the case that the number of relations is very low [smaller tolerance levels]”.

ITA’s renaissance in connection with KST has led to criticisms of CA(<,D). Held
and Korossy (1998) stress the “ad hoc™ (descriptive) nature of CA(Z,D): .. .we will
apply two ad hoc criteria [one, the CA(Z,D)]”. Schrepp (1999) illustrates that
CA(Z,D) can be reduced by non-comparable item pairs: “...for relations which
contain many non-connected item pairs it seems possible that the correct relation

'The definition of CA(<,D) will not be given until Section 6. For a coherent definition, the notions of empirical
and theoretical correlation have to be introduced and compared. Till then, and this should not affect the
elaborations to follow, the reader is asked to regard the coefficient as a real number resulting from an “input”
surmise relation < and binary data matrix D. It measures the goodness-of-fit of < to D, and is practically
interpreted as “the greater the value of CA(<,D), the better the fit between < and D”.

%In the sequel, additional explanatory comments are put in square brackets.

3It is the proportion of subjects not contradicting the binary relation.
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<; will not have the best CA(<;) value”. Another criticism of ITA and CA(Z,D) is
voiced by Wesiak et al. (2004). They observe that trivial response patterns (i.e., all or
none of the items answered positively), though empirically irrelevant with respect to
solvability dependencies between items, do drastically manipulate ITA solutions. This
is due to CA(<,D)’s dependence on such patterns (cp. Section 11).

In the light of these observations, a comprehensive mathematical analysis of
CA(£,D) is missing. Rather, the elaborations so far are heuristic, based on experimen-
tation with certain data sets. Other deeper properties of CA(<,D) are actually not
known so far. Thus, this work represents a coherent and extensive mathematical treatise
on CA(Z,D). In particular, it warns against inconsiderate use of the coefficient, and if
used, it tells to what one needs to pay attention. Perhaps, this work may also be
viewed as a general guide to carry out a first mathematical analysis of ad hoc
formulated coefficients. Additionally, Section 12 contains valuable methodological
issues in regard to goodness-of-fit measures in general. Beside criteria proposed by
Goodman and Kruskal (1954, 1959, 1963, 1972) (reviewed by Bishop et al., 1975;
Liebetrau, 1983), Section 12 mentions the importance of purpose-specific goodness-of-
fit measures and the problem of trade-off between different fit criteria.

1.2. A short review on ITA

This section reviews Leeuwe’s (1974) Item Tree Analysis.
We use the following notation (m.neN)*:

O={1;: 1<I/<m} set of dichotomous items,
P:={ P;: 1<k<n} sample of subjects,
D:=(d};) corresponding binary (=0/1) nxm data matrix,

and for every (1;,[)e0xQ (1<i, j<m), the 2X2 table notation

INL 1 0
1 a; b,j
0 Cij d,/
with a;,b;,c;,dy;eNU {0}; in respective order, the absolute frequencies of subjects

solving items /; and I; [a;], solving I;, not I; [b;], solving I;, not I; [c;], and solving
neither /; nor I; [dy]. Then, the ITA rule for generating binary relations <; (0<L<n) is
given by

Il . <c;=<L.

4N stands for the set of natural numbers (excluding 0).
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This L (0<L<n) is called tolerance level. The ITA rule represents STEP1 of ITA. The
latter consists of five steps, STEP1-STEPS:

STEP1. Determine the binary relations <; for =0, 1,..., n.

STEP2. From the <; (0<L<n), remove those that are not transitive.

STEP3. Set a critical value 0<c<1 for the proportions, p;, of subjects not contradicting the
respective surmise relations <; in STEP2.

STEP4. From the surmise relations in STEP2, remove those with p;<c.

STEPS. From the remaining surmise relations (after STEP4)—<, is always contained—
select one with maximal CA(<,D) value.

The Correlational Agreement Coefficient is used as a goodness-of-fit measure to handle
the selection problem in STEPS5. From the remaining surmise relations, select an
“optimal” one, i.e., one with maximal CA(<,D) value.

1.3. On the content of this work

Basic concepts and the definition of empirical Pearson correlation are reviewed
(Section 2). The definition of theoretical correlation is presented (Section 3). Empirical
and theoretical correlation are compared in regard to coincidence (Section 4) and
boundedness (Section 5). Based on this, CA(<,D) is defined coherently (Section 6). A
natural decomposition of the coefficient CA(<,D) into four partial functions is given
(Section 7). It is analyzed in regard to boundedness (Section 8). An analysis of the
interplay between the consistency of a surmise relation < with a data matrix D and the
attainment of the maximum value of CA(Z,D) is presented (Sections 9 and 10). We
conclude with the analysis of the dependence of CA(<,D) on trivial response patterns
(Section 11). The work ends with a discussion (Section 12).

Note that all proofs are deferred to an appendix, section-wise (Appendix A).

2. Basic concepts

We review basic conventions regarding terminology and notation.

Let O, P, and D be defined as in Section 1.2. The row z; (1<k<n) of D encodes the
responses of subject P, to all items in O, whereas column s; (1</<m) of D encodes the
responses of all subjects in P to item ;.

Definition 1. Let O={I: 1</<m} (m=N). We define:’
S:={<CQ x Q: < quasi order on O},
D:= UN./\/l(n x m;{0,1}).

>Any reflexive, transitive binary relation is called quasi order (surmise relation). Let M(nXm; {0, 1}) denote the
set of all nxm matrices with entries in {0,1}.



A. Unlii, D. Albert / Mathematical Social Sciences 48 (2004) 281-314 285

Let (I;,[;)€0x Q. For the entries a;;,b;,c;;,d;eN U {0} of its 2X2 table (see Section 1.2),
we have:

aj = [{k€{1,2,...;n} 1dli =1 Ndj =1}],
by = |{k{1,2,...,n} :df; =1 Ndj; =0}],
i = {k€{1,2,....n} :dli =0ANdj; = 1}],
dj = |{k€{1,2,...,n} 1 diy =0Adj; = 0}].

Definition 2. For every /;=Q (1<i<m), let p; be the relative frequency of subjects solving
item 7, i.e., p,l_==ifl o1 dhi-

Definition 3. Let < be a surmise relation on Q. We shall say that < is consistent with (or, a
total fit to) a data matrix D if, for every pair (/;,/})e<, every subject in P solving item /;
also solves item /;. In other words,

V(U [)e<: [{kef{l,2,...,n}:dl;=0Ady=1}| =0.

Empirical correlation is defined as sample Pearson correlation.

Definition 4. Let /,,/;cQ with 5, 0,, 1, and 5,# 0, 1,8 Empirical correlation, r,
between /; and [;, given the observed data matrix D, is defined as (empirical) Pearson
correlation between columns s; and s; of D:’

Cov(s;,s;)

ki Var(s;)\/Var(s;)

Definition 5. The set of all item pairs (/;,/)e0*Q, which fulfill the assumption A:=
[Si#gm ln/\sj#gm ln]a is denoted by [QXQ]A

For the next two well-known results, see Bortz (1989).

Lemma 6. For all (I,1[)=[Q%Q0].4, rye[—1,1].

SWe have 0,:=(0,0,.. .,0)T and 1,=(1,1,.. .,l)T (of length n).
TFor X=(x1,%2,. - 60) 5y=(11.02 - .) €R" (%, § empirical means):

n

Covlx,y)=y > [ )0 ),

=1
Var(x):=Cov(x,X).
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Lemma 7. Let (I,1)=[0x Q] 4 with corresponding 2X2 table

INL 1 0
1 a b
0 ¢ d
d — b
Then, ry = a ¢

Via+c)(b+d)(a+b)(c+d)

3. Theoretical correlation derived through idealization

Section 4 gives motivation for the form and name of theoretical correlation.

Definition 8. Let (/;,/;)e[ 0x QO] and <S8. Theoretical correlation, 7, between /; and /,
derived through idealization, is defined as

(1) e= A (I 1) e<

1
[(1—pr) - pr
———2 (I, [esN ([, )&
(A =py)-py,

(1)@= A (I 1) e<

0 (s h)Es A (I )<
Theoretical correlation 73 is well-defined for every (/;,[)e[ QX Q]a. It is the case that
Si,Sj}'#Qn, ln’ i-e'a p[p PI,# 0, L.

4. Comparing empirical and theoretical correlation: coincidence

Lemma 9. Let <S8, which is consistent with binary response data D. Then, for all

(I, [)e=n [OxQ] 4,
I (1=

=N [(L=pipy

(L, L) e
(1 —Pl,)Pl, ((/7 )$

Proof. See Appendix A.1. O

The next corollary gives a first answer to the question of coincidence.

Corollary 10. Let <S§, consistent with D. Let (I,[)e< with A. Then, theoretical
correlation rj equals empirical correlation ry (i.e., ri=ry).
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What can be said about coincidence in case of not-<-comparable item pairs?® The
counterexample in Lemma 11 goes back to Schrepp (1999, pp. 364—-365).

Lemma 11 (Counterexample). Let < be a surmise relation on Q, which is consistent with
D. Let (I,1)e[0X Q] 4 be a not-<-comparable item pair. Then, ig.’ r; # 0 (=1).

Proof. See Appendix A.1. O
In order to sum up, we give Proposition 12.

Proposition 12. Let <&S§, consistent with D. Let (I,1)[OX Q] 4. For d;3=r;—r},

=0 (L [)esv (I, I)e<
O

#0ig. : (Lh)EsA (), 1)e<

Proof. See Appendix A.1. O

4.1. Contrary properties

The exception with respect to coincidence described in Proposition 12 diminishes
CA(Z,D)’s plausibility as a reasonable goodness-of-fit measure:

1. Whereas the definition of 7} could be motivated in the first three cases, 73:=0 for not-
<-comparable pairs lacks a clear statistical motivation. In general, r{:=0 is not the
Pearson correlation for not-<-comparable pairs resulting from <-consistent data
matrices. However, it can be shown that 7{:=0 is the arithmetic mean of all such
Pearson correlation values. An open question is whether 0 is the most frequently
appearing value in the frequency distribution of these Pearson correlation values.

2. The consistency of a surmise relation < with a data matrix D may not imply the
attainment of the maximum value (cp. Section 8) CA(<,D)=1."° This is only due to not-
<-comparable item pairs, which is discussed in Section 9. For such pairs, theoretical
correlation, i.g., differs from empirical correlation, and therefore CA(<,D) is reduced.

3. In ITA, selecting an “optimal” surmise relation is based on the maximal value of
CA(Z,D). As to point 2 above, not-<-comparable pairs may reduce CA(<,D), even in
case of a total fit. Thus, it is conceivable that a suitable (maybe correct) ITA structure,
requiring a lot of not-<-comparable pairs, is ruled out from selection because of a
distortedly low CA(<,D) value (cp. Schrepp, 1999).

5. Comparing empirical and theoretical correlation: boundedness

Empirical correlation uniformly lies in the interval [—1,1] (Lemma 6). What about
theoretical correlation?

8A pair (1;,/)€0xQ is called not-<-comparable iff (/;,/)&< and ([;,[;)&=.
°In this work, i.g. stands for “in general”.
%In this work, we use the word “maximum” to refer to the attainment of the maximum value CA(Z,D)=1.
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Proposition 13. Let O={I: I<I<m} (meN). It holds:

(Relative Interval Nesting). Let DeMnXxm; {0,1}), <8, and let (I,1)[0*X 0] 4.
Then (since (I,1)e[0X 0] 4, n=2),

O<ri<n — 1.

(Proper Divergence to +o). For m=>2, there exists an <+€S and a pair
(1,1)=0x Q0 with i<j and [(I;1)e<:\(I,1;)&=+], such that

V223D, ;e M(nx m{0.1}) < [[(r),_, = ~ 1 A [05),_ = n — 111"

The corresponding sequence ((r,’-}‘- ) IneN diverges properly to + x,!?

lim ((’ﬁ)n)nEN = +oo.

n— o0

Proof. See Appendix A.2. O

5.1. Informal illustration of (PDt+ )

Let O={I,,5,5,14}, and <:=AU {(I,,1,)}."> Consider the scheme:'*

1 0 0 O
D= — (), =1,
_O 1 0 0_2X4
1 0 0 0]
D=0 1 0 0 —  (rh), =2,
_0 1 0 0_3X4
1 0 0 0]
01 0 O
Dy:= = (r); =3,
01 0 0
_O 1 1 1_4X4
!
+ 0.

""The symbols (7;)n—1 and (r¥),—; (n=>2) respectively denote empirical and theoretical correlation between /; and
I;, given the data matrix D,,_;.

2A sequence (a,),en of real numbers diverges properly to +oo (tespectively — o) if, for every KR, there
is an NeN, such that a,>K (respectively a,<K) for all n>N. In this case, we write lim, . (a,),en=1 00
(respectively lim,_. (a,),en=—0).

BWe have A={J=(J;,J,)e0xQ: Ji=)5}.

"Note that (r12);=—1, (r2)=—1, (r12)5=—1, .. ..
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5.2. Contrary properties

There is no uniform, but rather relative interval nesting for CA(<,D) values, depending
on the number n of rows of the data matrix D (see Section 8). Contrary to psychological
heuristics, CA(<,D) ranging in the interval [0,1], the latter may take negative values, even
diverge properly to —oco. The reason for this is the difference between empirical and
theoretical correlation in regard to boundedness. Whereas empirical correlation is uniform-
ly bounded by [—1,1], there is no such uniform interval nesting for theoretical correlation.

The next corollary is a direct consequence of Proposition 13.

Corollary 14. Let < be a surmise relation on Q, and let (I,1)[0X Q] 4. For é,=r;—r¥,

we have —n<6;<1. In particular, 055,]2-5712.

Proof. See Appendix A.2. O

6. Defining the coefficient CA(<,D)

Definition 15. Let Q:=={[;: 1</<m} (meN, m>2), < be a surmise relation on Q, and
D=(dj;)eM(nxm; {0,1}). Further, let

<b={(l;,[,)€0 x Q :i <j and (I;,];) fulfills A}.

The Correlational Agreement Coefficient, CA(<,D), is defined as

2 2
CA(S7D):2177 Z (l’i/*l”l;k) .
m(m — 1) 2,

We close this section with two (actually obvious) remarks.
6.1. (Artificial) convention

For <4=0 (e.g., n=1 implies <, =0), we agree upon
> (g —rg)*=o0.
(Ii.)) 0
Then, CA(<,D)=1-2[m(m—1)]"'0=1. Independent of the collection < of solvability
dependencies, we have (in case of <,=0) CA(<,D)=1.

6.2. Conception as a function’’

The Correlational Agreement Coefficient can be interpreted as a function of domain
SxD and co-domain R,

CA: S x D — R, (,D)—CA((<, D))=CA(<, D).

SNote that S={<CQXQ: < quasi order on Q}, Di=U ,cnyM(nxm; {0,1}).
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7. Decomposing the coefficient CA(L, D)

We begin with some notation.

Definition 16. Let O:={/;: 1</[<m} (m>2), DeM(nxm; {0,1}), and <S. We define:

<QI _</Qm{(L’[j)eQX 0: (Iialj)ES/\<Ij’[i)es )
<bi<=<p N {{;,[)eQ x Q: (I, ))e< A (I ;) &<},
<Q|>> </Qm{([lvlj)EQ>< 0: (]iag')%S/\(ljaIi)es}v
<01 = <o N{l, [)€0 x O+ (I, )&= A (I, ) &=

The family F :=(<pi=,<0 < ,<4i=,<p<) of subsets of </, fulfills
<p= u <o« (Coverging property),

ke{=,<,> #*}

<onN <pn= 0 for k,le{=, <, > %} k+ (Pairwise disjoint).

In general, 7 may not be a partition of </, since one of the members <p; could be
empty. In other words, F constitutes a disjoint covering of <j:

o= D <ow
k6{51<<_’>>_;£}

Next, we give the natural decomposition of CA(<,D).

Lemma 17 (Decomposition). Let Q={I;: I<i<m} (meN, m>2), De M(nxm; {0,1}), and
<&S. Then, the value CA((<,D)):=CA(<,D) can be decomposed in the following way:

2 4
CA(<,D) =1 —m;ﬁ(s,D

whereupon the values fi(<D)=R (1<k<4) are defined as'® (with Z=[a;+by] [c;t+dyl-
[aij—"_cij]’[blfi_dl )

idi — bici 2
fi(2,D)= Z {a_, i — Y5 1} ,

(fiJ/)€<'Q|; \/Z

2

pepp= Y el
() e<pi«

2

penp= L
(Ih)e<prs

[aydy; — byey]” '

VA
(11.1/)€</Q| -

In particular, fi: SXD—R, (£D)—fi((<D))=fi(<D), 1<k<4.

'*Remember that a;bj.ci; dUEN U {0} are denoting the entries in the 2x2 table for a pair (/;,/)0*Q (Section
1.2). Note that 3= /g - -=0.
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Proof. See Appendix A.3. O

8. Boundedness of CA(<Z,D)

Proposition 18. Let Q:={I;: I<I<m} (m>2). It holds:

(Relative Interval Nesting). If DeMmxm,; {0,1}) for neN fixed, then, for all <S5,
1 — n’<CA(<,D)<I.

That is, partial function CA(,D): S—R, <—=CA(.,D)(<)=CA(<D) has a bounded

range CA(,D)(S)C[1—n’1].

(Proper Divergence to —oo). There exists an <+S and (D,),n in D:
lim (CA(S*’D"))neN = —o0,
n— o0

in the sense of diverging properly to — .

Proof. See Appendix A.4. O

8.1. Informal illustration of (PDt— o)

Reconsider the scheme on p. 8 of this article:

1 00 0
D1== — CA(S,D]) = +033,
101 0 0],,,
[1 0 0 0]
Dy={0 1 0 0 — CA(<,Dy) = —0.50,
10 1.0 0];,,
[1 0 0 0]
0 1 00
D3== — CA(S,D3) = —1.91,
0 1 00
10 1 1T 1],.,4
|
—00.

Remark. The measure CA(<,D) depends on the squared difference (ri,fr?;)zﬂ-i-oo:

2 2
CA(SD)=1 - N (rj—rf
(7 ) m (l"] }"J)

(m=1) 452 e

——+ o0

——00
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This should not be viewed as an inadequacy that diminishes CA(<,D)’s plausibility as a
reasonable goodness-of-fit measure. It is contrary to convention and preconception that a
“convenient” measure should range in [0,1] or [—1,1]."” However, for the purpose of
selecting between competing surmise relations, such a “standardization” is not relevant.
Rather, it is important that the coefficient-based selection criterion is interpretable
(meaningful). Since CA(<,D) lacks a clear interpretation (cp. Section 12), this convention
might seem to be important. However, the importance diminishes as the interpretability
(meaningfulness) of a measure increases (Goodman and Kruskal, 1954)."®

Or, if we speak in terms of functions:

Corollary 19. Let Q:={I;: I<l<m} (m=>2) and DeMmxm; {0,1}). The partial function
CA(.,D): S—R, <—CA(,D)(<)=CA(< D) has bounded range CA(,D)(S)C [1—n? 1]. For
the range CA(SXD) of CA: SxD—R, we have CA(SXD) C]—oo,1],'® whereupon there
is no [a,b] CR with CA(SxXD)C[a,b].

9. Consistency—maximum problem

Reconsider the example in Lemma 11:

Lemma 20 (Counterexample). Let Q={I;: I<I<m} (m>2) and <S8 be a total fit to D.
Then, it is not necessarily the case that CA(<,D)=1. In other words, consistency does not
imply maximum in general.

Proof. See Appendix A.5. O

Remark. If we presuppose consistency, and that CA(<,D) depends on (r,-j—r,’-j'?)2>0 for a
not-<-comparable item pair (/;,/)<p, then we have:

2 2
CAS D)=l =25 > (=)
2 (Ii,l))e<p

R S s
m(m — 1) ()<l 0507

>0

<1
Equivalence between consistency and maximum is not a property of essential relevance
for the purpose of selecting between competing surmise relations. The measure only needs
to be meaningful. Meaningfulness presupposed, such an additional property would allow
for a measure assuming its extreme value(s) for a certain type of “complete” association.
For example, in case of CA(<,D), this would mean the attainment of the maximum value 1
for the type of complete association “< a total fit to D”.

17A reason might be the fact that most of the traditional association measures, based on Pearson’s ° statistic
(Pearson, 1904), are “‘standardized”; e.g., Pearson’s coefficient of contingency (Pearson, 1904), Tschuprow’s
contingency coefficient (Tschuprow, 1918/1919/1921), and Cramér’s contingency coefficient (Cramér, 1946).
"8For traditional measures of association, see also Yule and Kendall (1950), Kendall and Stuart (1973), Goodman
and Kruskal (1954, 1959, 1963, 1972), Bishop et al. (1975), and Liebetrau (1983).

We have ]—0,1]={xeR: x<1}.
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Corollary 21. Let Q:={I;: I1<I<m} (m>2) and <S8 be consistent with D. Then, it holds:

1. If <pie=0, then CA(<D)=1.
2. If for every (I,1)e<p, r;=0, then CA(SD)=1.
3. Even more, CA(SD)=1 < V(I,1)e<p: ry=0.

10. Maximum-—consistency problem

The converse implication is also not true in general.
Lemma 22 (Counterexample). Let Q={I;: I<i<m} (m>2), DED, and <8 with

CA(£,D)=1. Then, it is not necessarily the case that < is consistent with D. In other words,
maximum does not imply consistency in general.

Proof. See Appendix A.6. O

Proposition 23 states that maximum CA(<Z,D)=1 implies consistency, provided no
subject contradicts any of the non-reflexive®® pairs I;<I; with non-existent empirical
correlation ry;.
Proposition 23. Let O:={1,; I<I<m} (m=2). Further let <8 and D=(d};)eM[nxm;
{0,1}) such that CA(XD)=1. If for every non-reflexive pair (I,1)=< with =14, the
entry c; of its 2X2 table,

C,‘j(: I{k6{1727,l’l} N dkj/,: OAd]éj: l}l) = 0,

then < is a total fit to D.
Proof. See Appendix A.6. O

10.1. Contrary properties

Contrary to psychological heuristics, CA(<,D) may attain its maximum 1 without <
being a total fit to D. This is only due to non-reflexive pairs (/;,/;)< with non-existent
empirical correlation rij'zz Based on this, one can construct an example which consists of a
“highly” inconsistent surmise relation <; with CA(<,D)=1, and a total fit <, with
CA(5,,D)<1. This might be regarded an inadequacy of CA(<,D)’s plausibility as a
reasonable selection criterion in ITA.

11. Functional relationship for equivalent data matrices

Wesiak et al. (2004) observe a “data-related” problem arising when trivial response
patterns are included/excluded in/from the input data matrix for ITA. Such response patterns,

20Any pair of items (J;,J2)€0XQ with J; # J; is called non-reflexive.

219A stands for the negation, “not A”, of A.

22Compare the counterexample in Lemma 22: Contradiction is only due to the non-reflexive pair (I3,/,)e< with
non-existent empirical correlation r3,.
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though empirically irrelevant with respect to solvability dependencies between items, do

drastically manipulate ITA solutions. Larger/smaller optimal L, (stronger/weaker struc-

tures <,p) are obtained by adding/removing trivial patterns to/from the input data.
Lemma 24 bunches the impact of such patterns in a single “bias term”.

Lemma 24 (Functional relationship). Let Q:={I;: I<I<m} (m=2), <S8, and DeM(nx
m; {0,1}). For non;esNU {0}, let D' represent D enriched with n, empty response patterns
(0,0,...,0) and n; full response patterns (1,1,...,1) (i.e., as matrix rows). Under these
conditions, with a special function F*: (NU {0}))X(NU {0})xDxS—R,

CA(<,D') = CA(<,D) — F*(ng,ny, D, <).

Proof. See Appendix A.7. O

12. Discussion
12.1. Major misconceptions in CA(<,D) publications

Two major misconceptions are present in some of the CA(<,D) publications mentioned
in Section 1.1:

(A) The coefficient CA(<,D) does not measure goodness-of-fit with respect to the fit
criterion “number of response patterns in D matching all pairs in <”. In the
terminology of knowledge spaces (Doignon and Falmagne, 1999), this is refered to as
“number of response patterns in D matching one of the knowledge states in the quasi
ordinal knowledge space K., corresponding to <”.*

(B) The coefficient CA(<,D) does not provide a trade-off** between the goodness-of-fit
of <to D and size |<| of <. In the terminology of knowledge spaces, this is refered to

as a trade-off between goodness-of-fit and size of K_.>
In the literature, we find comments such as:

Held and Korossy (1998): “... The CA(<,D) value takes into account the trade-off
between absolute goodness of fit. . . and the total number of inferred knowledge states”.
Leeuwe (1974): «“...This procedure [CA(<,D)] has the advantage that it gives a lower
value not only in the case that too many relations are constructed, but also that the
number of relations is very low”.

ZThis is Birkhoff’s (1937) theorem. It states that “there is a one-to-one correspondence between the collection of
all surmise relations on an item set O, and the collection of all quasi ordinal knowledge spaces on Q”. See
Doignon and Falmagne (1999).

2*Trade-off is understood in an informal way as “appropriate averaging”.

ZWhether goodness-of-fit is based on the fit criterion “match of response patterns in the structure”, or (actually
underlying CA(<,D)) “agreement between empirical and theoretical correlation”, the measure CA(<,D) does not
provide a trade-off.
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Held et al. (1995): “... Mit Hilfe von DA wird ebenso wie bei CA der Trade-Off

zwischen GroBe und Passung einer Wissensstruktur beriicksichtigt™.?

Why do (A) and (B) occur? Ad*’ (A). The actual fit criterion underlying CA(<,D) is
“agreement between empirical and theoretical correlation” (FC2). Let FC1 denote the fit
criterion “match of response patterns in the structure”. Then, FC2 association is not
“directionally informative” for FC1 association.”® Consistency (i.e., “complete” FCl
association) does not imply maximum (i.e., “complete” FC2 association), and vice versa
(Sections 9 and 10). This also holds for intermediate stages of degree of association. For
instance, CA(<,D)<CA(<,,D) (“<; smaller in degree of FC2 association than <,”’) does
not imply a directional statement of type “<; smaller in degree of FC1 association than
<,”. Rather, there are cases with the reversed order of degree of FC1 association.

Ad (B). A counterexample is given by Wesiak et al. (2004). For an empirical data set,
they obtain an optimal tolerance level L,,=0. The “optimal” structure <, is a total fit to D
(“complete” FC1 association). It maximizes CA(<,D), i.e., in degree of FC2 association,
<y is larger than or equal to any of the competing surmise relations. However, <, is not
appropriately sized. It consists of 80 pairs of altogether 27°=729 pairs (|0|=27; circa
11%). This structure is certainly too weak. An informal ‘“mathematical” argument for
(B) would be: In the definition of CA(<,D), summation is taken over the “universal
set”

<p={{1;,))e0 x Qi < jand (I;,];) fulfills A},

the same set for all surmise relations considered. Standardization is with respect to the
“universal size” m(m—1)/2, independent of size |<|. Thus, there is no ‘‘structure-
specific averaging”, which might give a hint for trade-off.

12.2. Major results in this paper
This work includes five major results:

1. Decomposition (Section 7). The coefficient CA(<,D) is naturally decomposed into four
finer parts. The decomposition is used to handle the maximum—consistency problem
(Section 10) and the functional relationship (Section 11) in an elegant way. It also
provides a useful descriptive “screening” method (exemplified below).

2. Boundedness (Section 8). The coefficient CA(<,D) may take on negative values, even
diverge properly to —oco (Proposition 18). The reason is that there is a difference
between empirical and theoretical correlation in regard to boundedness (Section 5).

3. Consistency—maximum problem (Section 9). Consistency does not imply maximum in
general. The reason is that there is a difference between empirical and theoretical

2In English: “By means of DA [another descriptive measure], just like CA(<,D), the trade-off between size and
goodness-of-fit of a knowledge structure is taken into account”.

?"In this work, the Latin word “ad” is used to stand for “in regards to”.

28That is, higher degree of FC2 association implying higher degree of FCI association.
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correlation in regard to coincidence (Section 4). There are conditions under which the
implication holds (Corollary 21).

4. Maximum—consistency problem (Section 10). Maximum does not imply consistency in
general. This is only due to non-reflexive pairs of a surmise relation for which the
empirical correlation does not exist. There is a condition under which the implication
holds (Proposition 23).

5. Functional relationship for equivalent data matrices (Section 11). The functional
relationship bunches the impact of trivial response patterns on CA(<,D) in a single
“bias term” (Lemma 24).

What do these results imply for applications of CA(<,D)?

The coefficient CA(<,D) is an ad hoc measure lacking a clear statistical foundation. It is
purely used descriptive, no sampling and inference are considered. Thus, currently, we
suggest that CA(<,D) should be regarded as a tool for exploratory data and structure
analysis (see Section 12.3). Nevertheless, the user should consider the following hints
when using CA(Z,D):

Ad2: In most of the empirical studies, CA(<,D)<[0,1]. However, it is the case that
1—-n*<CA(<,D)<1 with even CA(<,D)<O0.

Ad 3: Do not interpret CA(<,D)<1 with non-consistency. To assure consistency implying
maximum, check for the conditions in Corollary 21.

Ad 4: Be aware that CA(<,D) can attain its maximum 1 though < may contradict the
data D. To assure maximum implying consistency, check for the condition in
Proposition 23. If you are using CA(<,D) in the context of ITA, remove all /,=Q
with s; = 1, or s; = 0, before applying ITA.

Ad 5: Remove trivial response patterns from the data at the beginning of data analysis,
and before calculating and utilizing CA(<,D) within ITA.

12.3. Consequences of the decomposition on screening of data and structure

12.3.1. Properties of the functions f;

Let f; (1<i<4) be the partial functions in the decomposition of CA(<,D) (Lemma 17).
They fulfill the following properties:**~°

(1) Obviously, for all <S8 and DD, fi(<,D0)=>0 (1<i<4).

(2) For O:={I;: 1=<l<m} (m=2) fixed, there is a global interval nesting for f; and f;
e.g., [i(SxD)C[0,4m?] and f3(SxD)C[0,m*]. But there is no such global interval nesting
for /, and f3 (Q fixed). The latter may diverge properly to +co0. However, additionally
fixing a matrix DeM(nxm; {0,1}), there is a relative interval nesting for f, and f;,
depending on the number n of rows of D (cp. Corollary 14); e.g., ]j—(SXD)C[O,mznz] for
J=2.3.

?No proofs are given. These can be infered in analogy to the preceding proofs.

30The question is: How do the properties boundedness, consistency —maximum problem, maximum—consistency
problem, and functional relationship, already analyzed for the global measure CA(<,D), look for the local
measures f;?
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(3) Local consistency is introduced for the sets <, (ke{=,<<,>}) in the decompo-
sition of CA(<,D):*!

Definition 25. Let Q:={I; 1</<m} (m>2), DeM(nxm; {0,1}), and <&8S. <p=is
called locally consistent with (or, local total fit to) D if no response pattern in D
contradicts any of the pairs in < determined by any of the elements in <{=. In other
words, if

V(I )€ <pi-: [I;=I; and [;<I; do not contradict D].

(Global) consistency implies local consistency of <p, for all ke{=,<,>}. The
converse may not be true in general. “Conjoint” local consistency, i.e., local consistency
for all ke{=,<,>}, does not imply consistency.*> The implication holds under the
condition in Proposition 23.

(4) What is the interplay between the local consistency of <y and the corresponding
minimum f;=0 (ke{=,<,>}, 1<i<3)? It obviously holds:

For all (i,k)e{(1, =), (2, <), (3, >)}, fi = 0« Local consistency of </,

In particular, consistency implies minima f{(<,D)=0 for all 1<j<3. For f;, minimum
f4(£,D)=0 does not hold under consistency in general. “Conjoint” minima f;=0 for all
i=1,2,3 do not imply consistency in general. The latter implication holds under the
condition in Proposition 23.

(5) The partial functions f; (1<i<4) depend on trivial response patterns:

Corollary 26 (Out of proof of Lemma 24). Let Q:=={I;: I<I<m} (m=>2), <S8, and De
Mmxm; {0,1}). For non,eNU {0}, let D' represent D enriched with ny empty response
patterns (0,0,...,0) and n; full response patterns (1,1,...,1) (i.e., as matrix rows). Then,
with special bias terms F¥: (NU{0})X(NU{0}))xDxS—R for 1<i<4,

ﬁ(saDt) :fl(SvD) +F,‘*(n(),n17D,S).

12.3.2. Exploratory data and structure analysis

The decomposition of CA(<,D) may be utilized for descriptive data and structure
analysis. We distinguish between (I) the “one-model” case (only one model analyzed),
and (II) the “two-model” case (two different models compared). In both of the cases only
one data matrix is fixed.*?

*IThe definition is only formulated for <pi= (for <. and <p. similar).

*The reason is that non-reflexive pairs in < with non-existent empirical correlation are not determined by any
of the elements in any of the sets <g (k&{=,<<,>}). These pairs may cause contradictions with the data
(Section 10).

30ther “multi-model and -matrix™ cases are conceivable and could be analyzed on similar grounds.
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12.3.2.1. One-model case. Ad (I). Let <S8 be a model, and DD a binary data matrix.
If f(<,D)>0, then the corresponding local consistency of <pj is not fulfilled
(1<is3, ke{=,<,>}):

(i=1)

(i=2)

(i=3)

If £1(=,D)>0, then <{, =is not locally consistent with D. Thus, there is at least one <
-equivalent™ pair with existent r;, contradicting D. Of course, there might be <-
equivalent pairs with non-existent 7;;, contradicting D. The existence of such pairs
is not guaranteed by f1(<,D)>0. However, it is conceivable to have an algorithm
checking for the presence of such pairs. Successively, pick the s; =1, and 5, =0,
columns of D, and screen the respective pairs (J,s; =1,) and (s; =0,,J) for
<-equivalence and contradiction, for all other items J=Q. For small structures and
data sets, this could be done even by hand. If using CA(<,D) within ITA, an
alternative is to remove all items /;,=Q with s; = 1, or s; = 0, before applying ITA.
If /5(<,D)>0, then there is at least one pair (/;,/;)< which contradicts D, with (a)

i<j, (b) existent 7, and (c) (/;,/;)&=. Of course, there might be pairs (/;,/;)< with
(@), (), and non-existent 7y, contradicting D. The existence of such pairs is not
implied by /5(<,D)>0. Again, it is conceivable to construct an algorithm checking
for the presence of such item pairs. Successively, pick the s;, =1, and s; =0,
columns of D, and screen all respective pairs ([, s; = 1,) with j<i and (s; = 0,, 1))
with i<j for “e-relation” with <, (c), and contradiction. If used within ITA, an
alternative is to remove all items /;=Q with s; =1, or s; = 0,,.

If f3(<,D)>0, then there is at least one pair (/;,/;)e< which contradicts D, with (a)
J<i, (b) existent 7, and (c) (/;,/;)&=. Of course, there might be pairs (/;,[;))e< with
(@), (c), and non-existent 7, contradicting D. The existence of such pairs is not
implied by f3(<,D)>0. One could give an algorithm checking for the presence of
such pairs.

Conversely, if f(<,D)=0, then the corresponding local consistency of <g is fulfilled
(1=sis3, ke{=,<,>}):

=1y

(i=2y

(i=3)

If fi(<,D)=0, then every <-equivalent pair with existent r; does not cause
contradiction. Of course, <-equivalent pairs with non-existent r; may cause
contradiction. This is not determined by f1(<,D)=0, and can be checked separately
(see (i=1)).

If £,(<,D)=0, then none of the pairs (/;,[;)e< with (a) i<j, (b) existent r;;, and (c)
(1)< contradict D. There might be pairs with (a), (c), and non-existent 7,
contradicting D. The existence of such pairs is not given by f(<,D)=0, and can be
checked separately (see (i=2)).

If 3(<,D)=0, then there exists no pair (/;,/;)e< with (a) j<i, (b) existent r;;, and (c)
({;,1;)&=, contradicting D. There might be pairs with (a), (c), and non-existent r;,
contradicting D. This is not determined by f3(<,D)=0, and can be checked
separately (see (i=3)).

A pair (I,[)e0xQ is called <-equivalent iff (/,/)e< and ([,])e<.
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12.3.2.2. Two-model case. Ad (II). Let <,,<,&S be two models, DD a binary data
matrix.

Preliminary considerations. Let <,:={(I;,])e0xQ: i<j and r;; exists}. Then, we have
(Section 7):

<,Q\k[sl] :<,Q

= Z </Q|k[sz}a
kg{z,<<‘>>1;é}

k=< %}

with (for se{1, 2})

<ol l=sl=<on{l, [)eQ x Q- (I, [)es A (I, L) e},
<é|<< <= <o N{{I, [)€0 x Q= (I, [) e A ([, ) &=},
<l [sl= <o {10 x Q= (s &<, A (I, i) e},
< Sl <b U120 X O (1)<, A (e}

The families F [<,]'=(<p)-[<,],<0 1= [S6),<0 - [S:],<01+ [<6]) (s=1,2) represent disjoint
coverings of <j.
Then, for all ke{=, <, >, %} and 5,5’ {1,2} with s# ¢,

<pul=l=<pulsin<o=<pul=ln > <l
Ke{=,<,>%}

= Y ulsin <kl

Kel(= <= %)

The family Z,,:=(<p, [S0N<p,, [Sy]: K e{=, <, >, #}) is a disjoint covering of
<o, [=]. Thus, every <gp, [<;] is partitioned with respect to the four cases <g, [<:],
and, respectively, every <p, [<;] with respect to the four cases <p, [<]. Family &=
((nN(K )y ke{=,<,> %}, Ke{=,<,>%}) is a finer disjoint covering of <j
than F[<;] and F[<,] (See Table 1).*

For <, (5s=1,2),

2 4
CA(<,,D) =1 — m;ﬁc(ssﬂ),

Bl 5], <ol [Z], ete. (s=1, 2) are also written =, <, etc. Note that “Total” is meant in the sense of set-

theoretlc union (here, even ).
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Table 1

Partitioning sets

<\ <p. [=] <o [%] <o [2] <p. [=2] Total (2)
<p- [=1] =1N=, =N, =1N>, =N%; <p=[=1]
<b.[=1] <,N=, < N<, <,n>, <,N%, <= [=1]
<o [=1] >1N=, >1N<,y > N>, > N7, <o~ [=1]
<o, [=1] #AN=, #AIN<, F1N>, #A1NHA, <o [=1]
Total () <p. [%] <o [%] <p.. [%] <p. [=] <o

with (Z==[a,-j+b,-j] . [cij+dij] . [a,-jJrcij] . [b,j+dlj])

aid — bics 2
fi(sSaD):: Z |:IJU\/—ZUU_ 1:| )

AN T S

(Inh)e<y <[=] VA .
ﬁ(SﬁD):: Z l 7

(i) e<p) = [ A 2
fa(<5, D)= M

(1,,1)e<’ Y

Next, we define a table of local summary statistics corresponding to Table 1.
Consider (=N<<;). For a pair (I;,])) in (= ,N<<y), [[<([AL<1] and [[<5LA]£01).
There are two prescriptions for calculating theoretical correlation 775: (a) viewed in
regard to <y, and (b) with respect to <,. In case of (a), (3,] =(r— #)2 is [”’d’izbf" — 1}2,
whereas for (b), it is [ncl,] /Z. Summation over all palrs in (=,N<,) yields

ajdij—bjicy 2 [ch]z
Z(”) e(=1n<2) [?— 1]° in case of (a), and, respectively, D h)e(=in<s) 7
in case of (b). Let these two functions be denoted by f~ , <, [case (a)], and respectively
J= <, [case (b)]. 36 For the sets on the diagonal of Table 1, i.e., (= ,N=,), (K,N<,),
(>1N>,), and (¥#;N%,), both prescriptions coincide. Thus, only one measure is
determined for any of these sets. Let them be denoted by /=1 =», f<1, <>, etc. See Table 237

Issues like boundedness, consistency—maximum problem, etc., already discussed for
global measure CA(<,D) and l1st-order local measures f;, can be transfered to and re-
discussed for the finer 2nd-order local measures f= ,= , f= ., < , f= ,<,, etc. (partly, with
minor modifications).*®

3%The symbol ” indicates the model the calculation is taken in regard to.

3"Row and column totals are obtained by summing over <;- and <,-calculated f values, respectively (e.g.,
fl (SI,D):fs I,zﬁfz i <<2+f~=— i,>>2+f; i’*z)'

*¥Note that for “non-diagonal” sets in Table 1, local consistency can be defined in regard to model <;, and with
respect to model <.
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Table 2

Local statistics

<\ <p. [%2] <o [=2] <o [%] <p. [=] Total (2)
<,Q\= [Sl] leazz f5p<<2|f515<<5 f'=~p>>2|f51,>>i f':“p#zlle,#i fi(SI,D)
<p. [=1] f<p=lf<,=, f<h=, feps sy S<omlf< % fo(=1,D)
<IQ\ . [=1] f>>i,zzlf>>,,zi f>>ia<<2{f>>1,<<i f>>1,>>2 f»I,x2V>,,;éj f3(=1,D)
<o. [=1] Srp=alfen=s Freplfop= Sep=|fe =, S, Ji(=1,D)
Total () J1(=2.D) J2(=2.D) f3(=2,D) Jao(=2,D) -

Actual elaborations. Each of the models <; and <, could be investigated,
conditional on the other model given. This corresponds to a “one-model analysis™ as
sketched in (I), however, this time, based on the finer 2nd-order local measures f= ,= ,
f=.<, f= .=, etc. This is straightforward, and is left to the reader.

Models <; and <; can be compared, locally, in regard to their descriptive adequacy with
data D. This is sketched next, using Table 2:*

First row = ;. Column <;: (1) Let f= ., < =0. Then, f~ ,«,=0. Consider a pair (/;/,)e
(=1N<<,). Then, (1;,[;) and (I;,];) are in <,, whereas only (/;,/;) but not (/,,/;) belongs to <.
<,. Since f=,, < =0, neither (f;/;) nor (I,[;) contradicts D. The pair (/,/;) might be a
candidate for <,.* (2) Let f= , < >0. If f= ,~,=0, then pair (,];) in (=,N<,) should
rather be classified according to <,- than <,-prescription:*' For every pair
(;,[)e(=1N<,), the “direction” (/;,/;) does not cause contradiction. However, for an
appropriate (/;,[;)(=N<<;), there is a pair (/;,/;) contradicting D. These “directions”
(. 1)e<, (for (I,[)e(=1N<,)) might be candidates to exclude from <.

Column > ,: This is dual to (1) and (2), Column <<,.

Column #;: Let f=,.=0. For any (I,[)e(=,N%,), neither ([,I}) (&<;) nor (1,1
(&=,) contradicts D. These pairs might be candidates for <,.

Second row <<;. Column = ,: This is dual to First row =, Column <,.

Column > ,: (1) Let f<,,» >0. If f< ,» =0, then pair (/;,[;) in (<<;N>>;) should be
classified according to <;- than <,-prescription:** For every pair (l)e(<<iN>,), the
“direction” (/;,/;) does not cause contradiction. However, for an appropriate
(I,[)e(<<1N>,), there is a pair (/;,[;) which contradicts D. These “directions” (/;,[;)e<,
and (/;, )&=, (for (1;,[))e(<<1M>>,)) might be candidates to respectively exclude from or
include into <,. (2) Let f<,» =0. If f< ,» =0, for every pair (/,[))e(<,N>,), the
“directions” (I;,]))&=<, and ([;/;)&<; might be candidates to include into <, and <,
respectively. (3) Let f<,» >0. If f< ,» =0, then pair (/,/;) in (<<;N>;) should be
classified according to <,- than <;-prescription.

*¥We only focus on some “important™ issues.

“CFor example, in the context of a data-analytic search method for surmise relations.
That is, [(I,[)eAI,1)E<]- than [(I,[)e<AI,I) <<, ]-prescription.

“That is, [(I,[)e<iAI,L[)E<)]- than [(I,1)&<,A\(I,I)E<,]-prescription.
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Column #;: Let f< ,« =0. For any ([,[))e(<1N%>), (I;,1;) (£<,) does not contradict D.
These pairs might be candidates for <.

Third and fourth rows = ; and %#,;. This is dual to the previous cases.

The descriptive arguments in Section 12.3 may lead to revisions in a priori hierarchical
dependencies between bi-valued test items. This might play a role in search and discovery
algorithms for detecting relations among test items. Even more, the arguments could
possibly be used to elaborate an alternative data-analytic method.

12.4. Final general remarks

The coefficient CA(<,D) is not derived based on a clear statistical model. It is
descriptive, no sampling and inference are considered. The measure lacks a clear
population analogue; no reasonable point estimators with (asymptotic) distributions, no
confidence intervals, no hypotheses testing, and no statistical comparisons between
different population values are provided.

The coefficient CA(<,D) does not satisfy certain methodological issues desirable for
association measures in general: (1) A certain value of CA(<,D) is not interpretable
sensibly in terms of concepts of a statistical model. (2) The measure does not sufficiently
take into account the nominal character of the data. The Pearson correlation (respectively
Phi coefficient) is less than adequate (Pearson correlation, actually designed for real
variables).

The surmise relation optimal with respect to CA(<,D) might be used for a special
(operational) purpose, e.g., adaptive assessment of knowledge. Then, the fit criterion
underlying CA(<,D) (i.e., agreement between r; and r¥) may not reflect the intended
purpose(s) adequately.

Future work could involve interpretable goodness-of-fit measures in regard to purpose-
related fit criteria derived on the basis of the “Proportional Reduction in Predictive Error”™
approach.*® These measures could take into account the niveau of the data. Another
direction of research is to combine goodness-of-fit measures to different fit criteria to
create a single measure, providing a “trade-off” (in whatever sense) between the fit
criteria meshed. The question is how to base this on statistical grounds.** This would be of
interest (e.g.) in KST (see Section 1.1).

Acknowledgements

This research was supported by grants from the University of Graz to Ali Unlii.

“3This approach was proposed originally by Guttman (1941), and was used in the series of papers by Goodman
and Kruskal (1954, 1959, 1963, 1972).

““Existing statistical tests for the validation and comparison of probabilistic models for hierarchies among bi-valued
items are based on chi-square and log-likelihood ratio statistics (see Dayton and Macready, 1976; Doignon and
Falmagne, 1999). These tests do not account for purpose-specific fit criteria and “trade-off”” among the latter.
Further, they depend on sufficiently large data sets, whereas carefully performed experiments require small data sets.



A. Unlii, D. Albert / Mathematical Social Sciences 48 (2004) 281-314
Appendix A. Proofs
A.1. Proofs in Section 4

Lemma 9. Let (/.[)e< (1<i, j<m) with AP
Consider the corresponding 2x2 table:

INL 1 0
1 a b
0 ¢ d

with entries a,b,c,d=NU {0},

a= |{k€{l,2,...,n} 1 dli=1Ndj=1}],
b= |{k{l,2,...,n} :dl=1Ndj;=0}],
c= [{ke{1,2,...,n} rdii=0Nd};=1}],
d=|{k{1,2,...,n} :dls=0ANd};=0}].

According to Lemma 7, we have

ad — bc
Viate)-(b+d)-(a+b)-(ct+d)

rij =

Case 1 ([(/;,/;)=<]). Since < is consistent with D, we have b=c=0. Thus,

. ad — bc
Yo flate)-(b+d)-(a+b)-(ctd)
ad —0-0

V(@+0)-(0+d) - (a+0)-(0+d)

*>The symbol A is introduced in Definition 5.

303
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Case 2 ([(/,/;)¢<]). Since < is a total fit to D, we have c=0. Thus,

. ad — bc
' la+e)-(b+d) (a+b) (c+d)
ad —b-0 ad

J@t0)-(btd) (@atb) 0+d) +Jad-(btd) (atb)

N ad W [(=pi)-py
(b+d)-(a+b) \ (1=py) pr
; : P ad _ (I=py)py;
Ad 27 (i). We see that by direct transformations: 7 @b = m.
Lemma 11. This example is proposed originally by Schrepp (1999, pp. 364—365): Let

O={1,,1,,13,1;} be a set of four dichotomous items. The binary relation < is a surmise
relation on Q,*

<=AU{(h,h),(5,N), (s, 1), (Is,13) }.
Consider the data matrix DeM(7x4; {0,1}),

O

0 0 0O
0 0 0 1
0 1 0 0

0 0 1 1
01 1 1
11 11

Then, < is consistent with D. The pair (/,,/4)€QxQ is not-<-comparable satisfying A.
For ra4, r24=[v/120] ' (=0.09). Thus, rp4# 0 (=4%,). O

Proposition 12. Let [(Ii,Ij)eESA([/,[i)es].47 By means of the definitions of empirical and
theoretical correlation, both concepts of correlation are “symmetric in the indexes”, i.e.,
for all (/;,[)e[ OX O]a, r;=r;; and ri=r#. Therefore,

()

— — *k 2
Oy=ry — rif = rji —rjf =0.

Ad (). Since (/;,[;)e< with A, Corollary 10 assures r;—7#=0. O

SA denotes the diagonal Ai={J=(J,,>)€0%Q: Ji=J,} in OxQ.
f [(i)e<V(I}.I)&<], it results from Corollary 10 and Lemma 11.
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A.2. Proofs in Section 5

Proposition 13 (RIN). Of course, 0<r¥. Show: rfi<n—1.
Consider cases [(£;,/))e<A\(;,];)#<] and [(I,»,Ij)GES/\(Ij,Ii)ES]:“S

Case 1 [(/,])e<\(,1;)&=]. Then, we have

N e e ————
N \/(lplf)'pb_\/[li’ll(n1)].,11 m 1.

Ad (i). Since (I,1,)€[ OXQla, it holds n~'<p;<n™'(n—1), I=ijj.
Case 2 [(/;,])&<N(;,];)e<]. Then, we have

N N (e I N R
\/ \/U—n-%n—l)]-n—l ot

(1=py) Py~

(PDt+oo). Let meN, m>2. Let I1,l,Q. Consider the surmise relation <«:==AU {(/,5,)}
A={J=(J1,.)e0X0: J1=/2}).

We show that this special choice of <« and (/,/,) with 1<2, (/},,)&=<x, and (I,/;)=<«
fulfills the required condition

Vn>23D,_1eM(n x m;{0,1}) : [(r12),, = =1 A[(r}),, =n—1].

For every neN, n>2, define the nxm matrix D, ;&M (nxm; {0,1}),*

1 0 * k%

0 1 *
D=0 1 * *
*
0 1 * * * *

The column s; of D,_; corresponding to /;=Q is
sl::(170707' . '7O)Ta
———

(n—1)times

BIf [(I,,)e<A(I,I)<], then, obviously, r# =I<n—1 (note: n>2). If [(I,[)&=A(I,I)&<], then rf=0<n—1.
““The symbol * substitutes 0 and 1, arbitrarily combined.
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and the column s, of D, _; corresponding to L0 is

s3:=(0,1,1,...,1)".
—_———
(n—1)times
Let neN, n>2, and D,_1eM (nxm; {0,1}) (previously defined). The empirical

correlation (r},),_; between I;,L,eQ under D,,_; satisfies (71,),_1=—1. The 2X2 table for
(I,) is given by

INI 1 0
1 0 1
0 n—1 0

According to Lemma 7, we have

0-0—(n—1)-1

=—1.
Vin=1)-1-1-(n—1)

(r2),, =

The theoretical correlation (7{5),_; between I,,,eQ under D,,_; reduces to (r{%),_1=
n—1. Since (I;,l)e<+ and (l»,,)&=<+, we have

o [A=pn)pr
(7”31‘:2);171'_ (] —pjz) *Pn .

We see that p,lzzf1 and p,zznfl(n—l). Finally, it holds

I T
V= \/([i - n—]zn — lg] n—ll) =n-l

The corresponding sequence ((7{5),)nen, (715),=n for all neN, diverges properly to
+()O, i'e'a limn—»oo((r?a)n)nef\l:—i_oo' O
Corollary 14. Since ry<[—1,1] and rj¥ <[0,n—1], we have:
Oj=ry —ri<l —rf<l — 0 =1,
and

dj=ry—r§=>—1—rfi>2—1—-(n—1)=—n.

In particular, we have éée[o,nz]. O
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A.3. Proofs in Section 7

Lemma 17. Use <) = > <y to obtain:

ke(= <> %)

2 2
1-CA(ED) =—— > (=1 = > (-1

mm=1) 452 mm=1) 4,522,
+ # Z (,«.. _ r.*)z + # Z (7’" — r.*)z
_ /A _ i T
mim = 1) 52 mim =1) 52,
2 2
+ m Z, (rij - }”,7) .
(L) E<)y)
: aydij—biicy . i ivi
Substitute T Gty T o ) for r; to obtain fi(<,.D), f4(<,D) trivially, and
f(ED), f3(5,D) after summarizing appropriate terms. O
A.4. Proofs in Section 8
Proposition 18 (RIN). Let <S. Let </, # 0. Then,
CA(<,D) 2 > )2 24
D)=l - —F——~ rp—rE) <1.
mim =1) 552
Ad (). Clearly, 2[m(m—1)]" Y (ry — r§)*=0.
(Il =<0 .
CA(<,D)=1 2 3 *)2@1 2 S 2
m(m — 1) < . m(m — 1 o<,
2 ii 2 m(m — 1)
=l |<h| n?* =1~ : 2 =1—n
mm —1) 1<l mm—1) 2 "

Ad (i). According to Corollary 14, 0=<(r;—r 2<n? for all Ui.1)e<).

Ad (ii). We have |<)|<2~'[m(m—1)].

(PDt—o0). According to Proposition 13, there is a surmise relation <« and a sequence
(Dinen with: For an appropriate (/;,[;)e0xQ with ig<jo, [(J;,];)E<N\U. 1 )E=],
and [VneN: ([; ;) fulfills A under D, ], it holds ((; ; ))nen=(—1,—1,—1,—1,...) and
(% )nen=(1,2,3,4,.. )%

For neN, (73, j,)n and (r%; ), respectively denote empirical and theoretical correlation between /; and /; under
D,.



308 A. Unlii, D. Albert / Mathematical Social Sciences 48 (2004) 281-314

These facts imply (neN arbitrary):*'

2 2
CA(S, D)=l —————= Y (rj—rf)
mm=1) 4,00
(i) 2 2
=1- m((riﬂfo)n = (1))

@1_2(n+1)2
N mim—1)"

Ad (). (L, [ )€ <o(Dn): ((rigjy), — (”l*qjo)n)zﬁ E(LJ,/)e<é(Dn)(”ii - ’”3':)2~
Ad (ii). It is the case that (v, ; ),=—1 and (v} ;) =n.
The sequence (A—=[2(n+1)*Y[m(m—1)])pen diverges properly to —co. O

A.5. Proofs in Section 9
Lemma 20. See the example in Lemma 11: (ra—r$4)*>0. O
A.6. Proofs in Section 10

Lemma 22. Consider the counterexample:

O={l, b, I},

<=AU {(11712)7 (]3712)}7
1 1 0

D=

0 0 0],

Then, < is not consistent with D.>? Since <H={U1,1»)} and r;=rf, (=1), it holds
CA(L,D)=1-1/3(rjp—rh )*=1. O

Proposition 23. Let (/;,/;)e< be a non-reflexive pair for which r;; exists (i.e., with A).
Show that [{ke{1,2,.. . .n}: dj;=0Ad};=1}|=0. According to Lemma 17, CA(<,D)=1 is
equivalent to the conjunction of the four conditions (Z:=[a;+b;]-[c;+d;]-[a;tc;]-[bitdy]):

. @idy — bicyy

A / _
Vil h)e <pro:i 1=0,
V(I I)e <’Q| _inc; =0,

V(i [)e <p)_ :nby =0,
V(I,,IJ)E </Q|?4 : a,jd,j — b,jC,j =0.

*'We have <4 (D,)={{,[)e0xQ: i<j and (I,I;) fulfills A under D,}.
S2This is only due to the pair (/3,/2)e<, for which r3, does not exist.
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Case 1 [i<A(,1)&=]. Then, (I;,]})e<{ . Thus, ¢;=0.

Case 2 [iGA([,[)e<]. In this case, (I;,]}))e<pi~. The pair (I,])) is subjected to condition
@di—bicy 1 =0, In other words (Lemma 7),

S ¢ S ) - 5
k=1 k=1

We apply the Cauchy—Schwarz Inequality (CSI); see Fischer (1995).

n

> (i) =5 (575 = )]

k=1

Lemma 27 [Cauchy—Schwarz Inequality]. Let V be an inner product space with cor-
responding scalar product (.,.): VXV—IK. Then, for all vwel,

L v,w) [=lv] - Dwll,
whereupon || v|=v/{(v,v) and |w|=\/{w,w) denote the norms of v and w under the

canonical norm ||.|:V — R,x— || x| ==v/{x,x) on V. Equality holds if and only if the
vectors v and w are linearly dependent, i.e., one is a scalar multiple of the other.

Let (.,.): R"XR"=R, (x,p)—(x,y)=) ;_, X be the canonical scalar product on R".
The corresponding canonical norm is given by

11 R — R, x—[lx [ =/ {x, x).

In this notation, the equation preceding Lemma 27 is rewritten’”

[(si = )5 = @) = llsi = G - Ils; = &) -

According to the CSI, for an appropriate AR, one of the vectors s,—(5;) and s;— @
is a A-scalar multiple of the other. Since (/;,/;) satisfies A, it holds 4#0. Thus, s; —
(i) = u- [s; — (57)] for an appropriate ueR, p# 0.

Step 1. There is an index k={1,2,...,n} with (s;)=(s;)=0.

Assumption. There is no index k={1,2,...,n} with (s;)=(s;)=0. The pair (/;,/;) satisfies
A. Therefore, there are kj,kye{1,2,...,n} with (s;));,=0 and (s;);,=1. Under assumption,
(s)kr=1.

Case 1 [(s;),=0]. Then, 0 = pu — us; +5; and 1 =5; — ;. Thus, p=—1. This implies
si — (57) = (=1) - [s; = (57)]. Then, we obtain a contradiction:

3We have (50)=(50,50, - - - ,%)TER", 0=1i,j.



310 A. Unlii, D. Albert / Mathematical Social Sciences 48 (2004) 281-314

. (=05~ (5)
Ad (i). We have 1 =r; = PRI TEGIE
Ad (ii). It holds (o-x,y)=a(x,) for all x,yeR" and aeR.

Ad (iii). Since (1,))E[ 0% Q]a, we have |s; — (57) | > 0.

Case 2 [(s;)r,=1]. In this case, 0 = u — us; +5; and 1 = pu — pis; +5;.

Step 2. There exists an index k={1,2,...,n} with (s;)=(s;)=1.

Assumption. There is no index ke{1,2,...,n} with (s;);=(s;)=1. Since (/;];) satisfies A,
there are indexes kj,ko=1{1,2,...,n} with (s7)=0 and (s;)r,=1. Under assumption, (s;);,=0.
Case 1 [(s))r,=0]. Then, 0 =5; — us; and 1= 5;—us;.

Case 2 [(s));,=1]. In this case, 0 = u — us; +5; and 1 =5; —5;. According to Case 1 of
Step 1, this leads to a contradiction.

Step 3. We prove that u=1.

According to Step 1 and Step 2, there are indexes kj,kr&{1,2,...,n} with (s;);,=(s,), =0
and (s;),=(s;)r,=1. Thus, 0 = 5; — pi5j and 1 = p — u5; + 5;. Finally, 1 = pu+ (5 — pis7) =
u+0=pu

Step 4. The vectors s; and s; are equal.

Since p=1, s; — (5;) = s; — (5;). With Step 1, (5;) = (5;). Thus, s/=s;.

Case 3 [j<iA(l;, I;)¢<]. Then, (/;/;)e<p_. Thus, 0=b;=c;.
Case 4 [j<iA(I;,[;)e<]. In this case, (I;,];) belongs to <p_ . Thus,
ajid;i — bjicji
vVZ'
with Z’==[aj,~+bj,~]-[cjﬁrdﬁ]-[aji+cj,-]-[bj,~+a'j~,-]. Since a;;=dai, bji:Cijn cji:bijs dji:dijn and Z,:Z,

wehave%—lzo. O

1 =0,

A.7. Proofs in Section 11

Lemma 24. According to Lemma 17, it is the case that

2

fi(=,D"),

N

k=1

with™* (Z'=[af;+ b;]-[chi+ dij)-[ak+ ] [bi+ dy])

tdl— bl 2
ﬁ(S,Dt)=: al] U UCU _ l:| ,

<1,-,1,-)e<é|,~[ VZi

*Entities with (without) superscript ¢ are interpreted under D (D). For instance, the entries in a 2X2 table are
denoted by af;, b, cij, djjunder D', and respectively ay;, by, c;, dy under D.
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[(n+ny+ nl)cf-j]z

A= D)= i :
(]n’j)€<,g\f<<
[(n + no + my )bL)?
fH=D)="3" .,
(1,',1,')€<'Q‘r>> 4
lat,d!; — byct)?
ﬁ(ng):: %7

(Inl)=<pl",
whereupon
<§={;,I;)e0 x O :i <j Ary exists under D'},
<pi= <4 {10 x 0 (I, [)e< A (I, I)e<},
<ple =< N{I,[)€0 x O : (I, [)e< A (I, L)<},
<,Q|l>> = <,Q[ N {(L,IJ)EQ X Q : (1171])es A ([1'711')ES},
<pl= <f N {1)eQ x O : (L [)&=< A (I, [)&<).
If r;; exists under D, then it exists under D'. Thus (+, disjoint set-union):

<plt =<p1=+ 0=,
<pl-=<pi<+ <,
<plt=<gi=+ 0>,
<plt =<pi« + 0%,

with (\, set-difference) d,=<pi \<g, for all ke{=,<,> >} Then:

ald. — b.c. 2 ald. — b.c. 2
fi(=,D) = Z [yl/ uyl}Jr Z [uzj yyl},
(Il)e<pl = vz (1 ]j) 0= z

[(n+ no +ny)ct)? [(n+ no + ny)c)?
no_ ij ij
fi(S7D) - . Zt + Z Zt )
(inh)e<p) « (i) <
2 2
AED) = [(n+no + nl)b;] N [(n+no + nl)b;]
. - t t )
(nh)E<h) - z (i1 €0> z
@y — bl ey — bicl)’
ﬁ(sDt): Ut} AL Z gy U
(Il e<o!# 4 (I, l) €0 Z

For (I,1)€0%Q, ajj=a;+n, dj=d;+ng, b= by, cj;=c;. Thus:

ij>
Z'=lay; + bjjl[c}; + dj[ay; + cj][b}; + d})]
= [(aj + by) + ml(cy + dy) + noll(ay + i) +m][(by + dy) + no]

—Z+R,
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with (Note: R=R(ng,n,,D), and R=>0.)

R = no[(ay + by)(cy + dy)(ay + c5) + (ay + by)(ay + cy)(by + dy)]
+ mi[(ay + by)(cy + dip) (by + dy) + (¢ + dy) (ay + ci) (by + dy)]
+ nom [(ay + by)(cij + dy) + (ay + by) (by + dy) + (i + dy) (ay + cy)
+ (@ + c) (by + dy)) + ngmi[(ay + by) (ag + ci)] + non[(c; + dy) (by + dy)]
+n5[(ay + by) + (ay + c;)] + mi[(cy + dy) + (by + dy)) + ngn?.

dd. — b 1’
Consider first the term Z [M — 11| . It holds:
(Inl)e<p = vz

2
[“f’/dff —bycy 1] - ¥ [(aii +m)(dy +no) — bycy 1] ?
= VZi , VZ+R

(nl)e<p) =

2
aigdj — biic }
D DR L L Y Y
[ VZ :

(l)e<)) =

whereupon F=F(ng,n,,D,<) is defined as

aidi — bici
Fy = Z {G1{2<M—1>+G1”7
(Iivli)6<é|; \/Z

with G=G(ng,n,,D),

Gy = [aydy — bycy] _ U L] mom A neay + mdy
VRS ZER Yz VZ+R

For the remaining terms, in analogy to the previous term (left to the reader):

[(n+ny+ n1)Cﬁ-]2 ne;; 2
T
, A , A
() E<h) < ih)e<p) <
[(n + 7o+ m )b nby]?
J — [ ]] +F3,
Z, 7z Z Z
(U )E<) - (U)E<p =
2 2
[ — byey]” _ T lydi — byes]” | p..
I e zZt , Z ’
(T /')E<Q|;< <1i71f>€<g|7t
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with appropriate F;=F(ng,n,D,<) for 2<i<4. With these terms,

zdt bt t 2
fl(sth):fl(SvD) Fr+ Z |: 1] s

(I,)ed=

2
A(=D) =h(=D) + |Fr+ Z n+no+n1) ] 7

(Ii.4j)€d <«

112
f£(E,DY) =f£(5,D) + |F3 + Z [(n + no + n1)bj] 7

L (li.4j)€0> Z ]
: ' ey~ byl
S D) =fa(<D)+ |Fat+ > —

Defining (Note: F*=F;*(ng,n,D,<) for all 1<i<4.)

tdt btt 2
Fi=Fi+ > [ v 1},

(Ii.4j)€d =
n+n0+n1) ]2

Ff=F+ Y ,

(Ii.fy)€d <

n+n0+n1)b 1P

Fi=Fy+ Y ,

(Ii.4j) €0

tdl‘ bt t]

Fi=F4 + Z ;

(L) =04
we obtain functional relationships for the functions f;, 1<i<4:
fi(=,D") = fi(<,D) + Ff(no,n1, D, <).
Finally, we have

CA(L, D) =1— #Zﬁc(S,D’)
m(m — 1) 4=

2 4 2 :
= |1 2 MED)| gy 2 D

= CA(S,D) —F*(}’lo,}’ll,D,S),

with F*(no, 1, D, <)i= el S FE (o, m, D, <), O

313
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