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Abstract

The Correlational Agreement Coefficient, CA(V,D), was introduced by J.F.J. van Leeuwe in

1974 within Item Tree Analysis (ITA), a data-analytic method to derive quasi orders (surmise

relations) on sets of bi-valued test items. Recently, it has become of interest in connection with

Knowledge Space Theory (KST). The coefficient CA(V,D) is used as a descriptive goodness-of-

fit measure to select out of competing surmise relations one with maximal CA(V,D) value.

Formal aspects like boundedness, decomposition, and the interplay between consistency of a

surmise relation (with a binary data matrix) and the attainment of the maximum value of

CA(V,D) are investigated. Dependence of CA(V,D) on trivial response patterns is quantified by a

functional relationship that allows one to bunch the impact of trivial response patterns in a

single ‘‘bias term’’. These considerations should warn against inconsiderate use of the

coefficient. Mathematical reasons for failed, however, heuristically plausible, properties are

presented.
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1. Introduction

1.1. Preliminaries

In the field of knowledge assessment and acquisition based on prerequisite

relationships, a central problem is to derive reflexive, transitive binary relations on

sets of bi-valued test items. This is done for modeling hierarchies between items based

on solvability dependencies of the type: ‘‘Given a positive response to an item J (e.g.,

J solved), it can be surmised that another item I will also be responded to positively

(e.g., I solved)’’. Such binary relations (quasi orders) are central within Knowledge

Space Theory (KST) introduced by Doignon and Falmagne (1985, 1999). In KST,

they are called surmise relations. However, given a field of knowledge and a set of

bi-valued test items appropriate enough to allow for fine-grained and representative

coverage of the field, the problem is how to establish a reasonable surmise relation on

the item set. Item Tree Analysis (ITA) is a data-analytic method for the derivation of

surmise relations on sets of bi-valued test items. ITA was introduced by Airasian, Bart,

and Krus in 1973 (Airasian and Bart, 1973; Bart and Krus, 1973) and was developed

into the present form by Leeuwe (1974). In particular, Leeuwe (1974) introduced the

Correlational Agreement Coefficient, CA(V,D), as part of ITA.1 In ITA, CA(V,D) is

used as a descriptive goodness-of-fit measure to select out of competing surmise

relations one with maximal CA(V,D) value.

Recently, ITA, and in particular, CA(V,D), has become of interest in connection with

KST; see Held et al. (1995), Held and Korossy (1998), Schrepp (1999, 2003), and Schrepp

et al. (1999). For the application of efficient adaptive computer-based knowledge

assessment procedures, one requires surmise relations of ‘‘a trade-off type’’. On the one

hand, it should reflect the data as well as possible (descriptive adequacy) and on the other

hand, it should be of as large as possible cardinality as a set. The authors tried to achieve

this by applying ITA and the coefficient CA(V,D) (cp. Section 12).

Leeuwe (1974) reports:2 ‘‘. . .This coefficient [partial order reproducibility coefficient]3

cannot serve therefore [stationarity in tolerance level L=0] as a criterion for choosing the

best solution. . .This procedure [CA(V,D)] has the advantage that it gives a lower value

not only in the case that too many relations are constructed [larger tolerance levels], but

also in the case that the number of relations is very low [smaller tolerance levels]’’.

ITA’s renaissance in connection with KST has led to criticisms of CA(V,D). Held
and Korossy (1998) stress the ‘‘ad hoc’’ (descriptive) nature of CA(V,D): ‘‘. . .we will

apply two ad hoc criteria [one, the CA(V,D)]’’. Schrepp (1999) illustrates that

CA(V,D) can be reduced by non-comparable item pairs: ‘‘. . .for relations which

contain many non-connected item pairs it seems possible that the correct relation
1The definition of CA(V,D) will not be given until Section 6. For a coherent definition, the notions of empirical

and theoretical correlation have to be introduced and compared. Till then, and this should not affect the

elaborations to follow, the reader is asked to regard the coefficient as a real number resulting from an ‘‘input’’

surmise relation V and binary data matrix D. It measures the goodness-of-fit of V to D, and is practically

interpreted as ‘‘the greater the value of CA(V,D), the better the fit between V and D’’.
2In the sequel, additional explanatory comments are put in square brackets.
3It is the proportion of subjects not contradicting the binary relation.
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VL will not have the best CA(VL) value’’. Another criticism of ITA and CA(V,D) is

voiced by Wesiak et al. (2004). They observe that trivial response patterns (i.e., all or

none of the items answered positively), though empirically irrelevant with respect to

solvability dependencies between items, do drastically manipulate ITA solutions. This

is due to CA(V,D)’s dependence on such patterns (cp. Section 11).

In the light of these observations, a comprehensive mathematical analysis of

CA(V,D) is missing. Rather, the elaborations so far are heuristic, based on experimen-

tation with certain data sets. Other deeper properties of CA(V,D) are actually not

known so far. Thus, this work represents a coherent and extensive mathematical treatise

on CA(V,D). In particular, it warns against inconsiderate use of the coefficient, and if

used, it tells to what one needs to pay attention. Perhaps, this work may also be

viewed as a general guide to carry out a first mathematical analysis of ad hoc

formulated coefficients. Additionally, Section 12 contains valuable methodological

issues in regard to goodness-of-fit measures in general. Beside criteria proposed by

Goodman and Kruskal (1954, 1959, 1963, 1972) (reviewed by Bishop et al., 1975;

Liebetrau, 1983), Section 12 mentions the importance of purpose-specific goodness-of-

fit measures and the problem of trade-off between different fit criteria.

1.2. A short review on ITA

This section reviews Leeuwe’s (1974) Item Tree Analysis.

We use the following notation (m,naN)4:

Qw{Il: 1VlVm} set of dichotomous items,

Pw{Pk: 1VkVn} sample of subjects,

Dw(dklV) corresponding binary (=0/1) n�m data matrix,

and for every (Ii,Ij)aQ�Q (1Vi, jVm), the 2�2 table notation

IiqIj 1 0

1 aij bij

0 cij dij

with aij,bij,cij,dijaNv{0}; in respective order, the absolute frequencies of subjects

solving items Ii and Ij [aij], solving Ii, not Ij [bij], solving Ij, not Ii [cij], and solving

neither Ii nor Ij [dij]. Then, the ITA rule for generating binary relations VL (0VLVn) is
given by

IiVLIj : ZcijVL:
4N stands for the set of natural numbers (excluding 0).
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This L (0VLVn) is called tolerance level. The ITA rule represents STEP1 of ITA. The

latter consists of five steps, STEP1–STEP5:

STEP1. Determine the binary relations VL for L=0, 1,. . ., n.
STEP2. From the VL (0VLVn), remove those that are not transitive.

STEP3. Set a critical value 0<cV1 for the proportions, pL, of subjects not contradicting the

respective surmise relations VL in STEP2.

STEP4. From the surmise relations in STEP2, remove those with pL<c.

STEP5. From the remaining surmise relations (after STEP4)—V0 is always contained—

select one with maximal CA(V,D) value.

The Correlational Agreement Coefficient is used as a goodness-of-fit measure to handle

the selection problem in STEP5. From the remaining surmise relations, select an

‘‘optimal’’ one, i.e., one with maximal CA(V,D) value.

1.3. On the content of this work

Basic concepts and the definition of empirical Pearson correlation are reviewed

(Section 2). The definition of theoretical correlation is presented (Section 3). Empirical

and theoretical correlation are compared in regard to coincidence (Section 4) and

boundedness (Section 5). Based on this, CA(V,D) is defined coherently (Section 6). A

natural decomposition of the coefficient CA(V,D) into four partial functions is given

(Section 7). It is analyzed in regard to boundedness (Section 8). An analysis of the

interplay between the consistency of a surmise relation V with a data matrix D and the

attainment of the maximum value of CA(V,D) is presented (Sections 9 and 10). We

conclude with the analysis of the dependence of CA(V,D) on trivial response patterns

(Section 11). The work ends with a discussion (Section 12).

Note that all proofs are deferred to an appendix, section-wise (Appendix A).
2. Basic concepts

We review basic conventions regarding terminology and notation.

Let Q, P, and D be defined as in Section 1.2. The row zk (1VkVn) of D encodes the

responses of subject Pk to all items in Q, whereas column sl (1VlVm) of D encodes the

responses of all subjects in P to item Il.
Definition 1. Let Q={Il: 1VlVm} (maN). We define:5

SwfVpQ� Q : V quasi order on Qg;
Dw [

naN
Mðn� m; f0; 1gÞ:
5Any reflexive, transitive binary relation is called quasi order (surmise relation). Let M(n�m; {0, 1}) denote the

set of all n�m matrices with entries in {0,1}.
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Let (Ii,Ij)aQ�Q. For the entries aij,bij,cij,dijaNv{0} of its 2�2 table (see Section 1.2),

we have:

aij ¼ Afkaf1; 2; . . . ; ng : dkiV¼ 1 ^ dkjV¼ 1gA;
bij ¼ Afkaf1; 2; . . . ; ng : dkiV¼ 1 ^ dkjV¼ 0gA;
cij ¼ Afkaf1; 2; . . . ; ng : dkiV¼ 0 ^ dkjV¼ 1gA;
dij ¼ Afkaf1; 2; . . . ; ng : dkiV¼ 0 ^ dkjV¼ 0gA:

Definition 2. For every IiaQ (1ViVm), let pIi be the relative frequency of subjects solving

item Ii, i.e., pIiwn	1 Pn
k¼1 dkiV.

Definition 3. Let V be a surmise relation on Q. We shall say that V is consistent with (or, a

total fit to) a data matrix D if, for every pair (Ii,Ij)aV, every subject in P solving item Ij
also solves item Ii. In other words,

bðIi; IjÞaV : Afkaf1; 2; . . . ; ng : dkiV¼ 0 ^ dkjV¼ 1gA ¼ 0:

Empirical correlation is defined as sample Pearson correlation.

Definition 4. Let Ii,IjaQ with si p 0 n, 1 n and sj p 0 n, 1n.
6 Empirical correlation, rij,

between Ii and Ij, given the observed data matrix D, is defined as (empirical) Pearson

correlation between columns si and sj of D:
7

rij :¼
Covðsi; sjÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VarðsiÞ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VarðsjÞ
p :

Definition 5. The set of all item pairs (Ii,Ij)aQ�Q, which fulfill the assumption Aw
[si p 0 n, 1 n^sj p 0 n, 1 n], is denoted by [Q�Q]A.

For the next two well-known results, see Bortz (1989).

Lemma 6. For all (Ii,Ij)a[Q�Q]A, rija[	1,1].
6We have 0nw(0,0,. . .,0)T and 1nw(1,1,. . .,1)T (of length n).
7For x=(x1,x2,. . .,xn)

T,y=( y1,y2,. . .,yn)
TaRn (x̄, ȳ empirical means):

Covðx; yÞw 1

n

Xn

k¼1

½ðxk 	 x̄Þðyk 	 ȳÞ�;

VarðxÞwCovðx; xÞ:
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Lemma 7. Let (Ii,Ij)a[Q�Q]A with corresponding 2�2 table

IiqIj 1 0

1 a b

0 c d

Then, rij ¼
ad 	 bcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffip .
ðaþ cÞðbþ dÞðaþ bÞðcþ dÞ
3. Theoretical correlation derived through idealization

Section 4 gives motivation for the form and name of theoretical correlation.

Definition 8. Let (Ii,Ij)a[Q�Q]A and VaS. Theoretical correlation, rij*, between Ii and Ij,

derived through idealization, is defined as

rij*w

1 : ðIi; IjÞaV ^ ðIj; IiÞaVffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 pIiÞ 
 pIj
ð1	 pIjÞ 
 pIi

s
: ðIi; IjÞaV ^ ðIj; IiÞgVffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1	 pIjÞ 
 pIi
ð1	 pIiÞ 
 pIj

s
: ðIi; IjÞgV ^ ðIj; IiÞaV

0 : ðIi; IjÞgV ^ ðIj; IiÞgV

8>>>>>>>>>>><
>>>>>>>>>>>:

Theoretical correlation rij* is well-defined for every (Ii,Ij)a[Q�Q]A. It is the case that

si,sj p 0n, 1n, i.e., pI , pI p 0, 1.

i j
4. Comparing empirical and theoretical correlation: coincidence

Lemma 9. Let VaS, which is consistent with binary response data D. Then, for all

(Ii,Ij)aV\ [Q�Q]A,

rij ¼

1 : ðIj; IiÞaVffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 pIiÞpIj
ð1	 pIjÞpIi

s
: ðIj; IiÞgV

8>><
>>:

Proof. See Appendix A.1. 5

The next corollary gives a first answer to the question of coincidence.

Corollary 10. Let VaS, consistent with D. Let (Ii,Ij)aV with A. Then, theoretical

correlation rij* equals empirical correlation rij (i.e., rij*=rij).
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What can be said about coincidence in case of not-V-comparable item pairs?8 The

counterexample in Lemma 11 goes back to Schrepp (1999, pp. 364–365).

Lemma 11 (Counterexample). Let V be a surmise relation on Q, which is consistent with

D. Let (Ii,Ij)a[Q�Q]A be a not-V-comparable item pair. Then, i.g.,9 rij p 0 (zrij*).

Proof. See Appendix A.1. 5

In order to sum up, we give Proposition 12.

Proposition 12. Let VaS, consistent with D. Let (Ii,Ij)a[Q�Q]A. For dijwrij	rij*,

dij
¼ 0 : ðIi; IjÞaV _ ðIj; IiÞaV

p 0 i:g: : ðIi; IjÞgV ^ ðIj; IiÞgV

8<
:

Proof. See Appendix A.1. 5

4.1. Contrary properties

The exception with respect to coincidence described in Proposition 12 diminishes

CA(V,D)’s plausibility as a reasonable goodness-of-fit measure:

1. Whereas the definition of rij* could be motivated in the first three cases, rij*w0 for not-

V-comparable pairs lacks a clear statistical motivation. In general, rij*w0 is not the

Pearson correlation for not-V-comparable pairs resulting from V-consistent data

matrices. However, it can be shown that rij*w0 is the arithmetic mean of all such

Pearson correlation values. An open question is whether 0 is the most frequently

appearing value in the frequency distribution of these Pearson correlation values.

2. The consistency of a surmise relation V with a data matrix D may not imply the

attainment of the maximum value (cp. Section 8) CA(V,D)=1.10 This is only due to not-

V-comparable item pairs, which is discussed in Section 9. For such pairs, theoretical

correlation, i.g., differs from empirical correlation, and therefore CA(V,D) is reduced.
3. In ITA, selecting an ‘‘optimal’’ surmise relation is based on the maximal value of

CA(V,D). As to point 2 above, not-V-comparable pairs may reduce CA(V,D), even in

case of a total fit. Thus, it is conceivable that a suitable (maybe correct) ITA structure,

requiring a lot of not-V-comparable pairs, is ruled out from selection because of a

distortedly low CA(V,D) value (cp. Schrepp, 1999).
5. Comparing empirical and theoretical correlation: boundedness

Empirical correlation uniformly lies in the interval [	1,1] (Lemma 6). What about

theoretical correlation?
8A pair (Ii,Ij)aQ�Q is called not-V-comparable iff (Ii,Ij)gV and (Ij,Ii)gV.
9In this work, i.g. stands for ‘‘in general’’.
10In this work, we use the word ‘‘maximum’’ to refer to the attainment of the maximum value CA(V,D)=1.
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Proposition 13. Let Q={Il: 1VlVm} (maN). It holds:

(Relative Interval Nesting). Let DaM(n�m; {0,1}), VaS, and let (Ii,Ij)a[Q�Q]A.

Then (since (Ii,Ij)a[Q�Q]A, nz2),

0Vrij*Vn	 1:

(Proper Divergence to +l+l+l+l+l+l+l+l). For mz2, there exists an V*aS and a pair

(Ii,Ij)aQ�Q with i<j and [(Ii,Ij)aV*^(Ij,Ii)gV*], such that

b nz2aDn	1aMðn� m; f0; 1gÞ : ½½ðrijÞn	1 ¼ 	1� ^ ½ðrij*Þn	1 ¼ n	 1��:11

The corresponding sequence ((rij*)n)naN diverges properly to +l,12

lim
n!l

ððrij*ÞnÞnaN ¼ þl:

Proof. See Appendix A.2. 5

5.1. Informal illustration of (PDt+l)

Let Q={I1,I2,I3,I4}, and VwDv{(I1,I2)}.
13 Consider the scheme:14

D1w
1 0 0 0

0 1 0 0

2
4

3
5
2�4

! ðr12* Þ1 ¼ 1;

D2w

1 0 0 0

0 1 0 0

0 1 0 0

2
66664

3
77775
3�4

! ðr12*Þ2 ¼ 2;

D3w

1 0 0 0

0 1 0 0

0 1 0 0

0 1 1 1

2
666666664

3
777777775
4�4

! ðr12*Þ3 ¼ 3;

]

#
þl:

11The symbols (rij)n	1 and (rij*)n	1 (nz2) respectively denote empirical and theoretical correlation between Ii and

Ij, given the data matrix Dn	1.
12A sequence (an)naN of real numbers diverges properly to +l (respectively 	l) if, for every KaR, there

is an NaN, such that an>K (respectively an<K) for all nzN. In this case, we write limn!l(an)naN=+l
(respectively limn!l(an)naN=	l).
13We have Dw{ J=( J1,J2)aQ�Q: J1=J2}.
14Note that (r12)1=	1, (r12)2=	1, (r12)3=	1, . . ..



5.2. Contrary properties

There is no uniform, but rather relative interval nesting for CA(V,D) values, depending
on the number n of rows of the data matrix D (see Section 8). Contrary to psychological

heuristics, CA(V,D) ranging in the interval [0,1], the latter may take negative values, even

diverge properly to 	l. The reason for this is the difference between empirical and

theoretical correlation in regard to boundedness. Whereas empirical correlation is uniform-

ly bounded by [	1,1], there is no such uniform interval nesting for theoretical correlation.

The next corollary is a direct consequence of Proposition 13.

Corollary 14. Let V be a surmise relation on Q, and let (Ii,Ij)a[Q�Q]A. For dijwrij	rij*,

we have 	nVdijV1. In particular, 0Vdij
2Vn2.

Proof. See Appendix A.2. 5
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6. Defining the coefficient CA(VVVVVVVVVVVVVVV ,D)

Definition 15. Let Qw{Il: 1VlVm} (maN, mz2), V be a surmise relation on Q, and

D=(dklV)aM(n�m; {0,1}). Further, let

<QVwfðIi; IjÞaQ� Q : i < j and ðIi; IjÞ fulfills Ag:

The Correlational Agreement Coefficient, CA(V,D), is defined as

CAðV;DÞw1	 2

mðm	 1Þ
X

ðIi;IjÞa<QV

ðrij 	 rij*Þ2:

We close this section with two (actually obvious) remarks.

6.1. (Artificial) convention

For <QV=t (e.g., n=1 implies <QV=t), we agree uponX
ðIi;IjÞat

ðrij 	 rij*Þ2w0:

Then, CA(V,D)=1–2[m(m	1)]	10=1. Independent of the collection V of solvability

dependencies, we have (in case of <QV=t) CA(V,D)=1.

6.2. Conception as a function15

The Correlational Agreement Coefficient can be interpreted as a function of domain

S�D and co-domain R,

CA : S �D ! R; ðV;DÞiCAððV;DÞÞwCAðV;DÞ:
15Note that Sw{VpQ�Q: V quasi order on Q}, DwvnaNM(n�m; {0,1}).
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7. Decomposing the coefficient CA(VVVVVVVVVVVVVVVVVVVVV ,D)

We begin with some notation.

Definition 16. Let Qw{Il: 1VlVm} (mz2), DaM(n�m; {0,1}), and VaS. We define:

<QAiV w <QV \ fðIi; IjÞaQ� Q : ðIi; IjÞaV ^ ðIj; IiÞaVg;
<QAbV w <QV \ fðIi; IjÞaQ� Q : ðIi; IjÞaV ^ ðIj; IiÞgVg;
<QA

H

V w <QV \ fðIi; IjÞaQ� Q : ðIi; IjÞgV ^ ðIj; IiÞaVg;
<QAgV w <QV \ fðIi; IjÞaQ� Q : ðIi; IjÞgV ^ ðIj; IiÞgVg:

The family F w(<QjiV ,<QjbV ,<Qj
H
V ,<QjgV ) of subsets of <QV fulfills

<QV¼ [
kafi;b;H;gg

<QAkV ðCoverging propertyÞ;

<QAkV \ <QAlV ¼ t for k; lafi;b;H;gg; k pl ðPairwise disjointÞ:

In general, F may not be a partition of <QV, since one of the members <QjiV could be

empty. In other words, F constitutes a disjoint covering of <QV:

<QV¼
X

kafi;b;H;gg
<QAkV :

Next, we give the natural decomposition of CA(V,D).

Lemma 17 (Decomposition). Let Q={Il:1VlVm} (maN, mz2), DaM(n�m; {0,1}), and

VaS. Then, the value CA((V,D))wCA(V,D) can be decomposed in the following way:

CAðV;DÞ ¼ 1	 2

mðm	 1Þ
X4

k¼1

fkðV;DÞ;

whereupon the values fk(V,D)aR (1VkV4) are defined as16 (with Zw[aij+bij]
[cij+dij]

[aij+cij]
[bij+dij])

f1ðV;DÞw
X

ðIi;IjÞa<
QAiV

�
aijdij 	 bijcijffiffiffi

Z
p 	 1

�2

;

f2ðV;DÞw
X

ðIi;IjÞa<
QAbV

½ncij�2

Z
;

f3ðV;DÞw
X

ðIi;IjÞa<
QAHV

½nbij�2

Z
;

f4ðV;DÞw
X

ðIi;IjÞa<
QAg
V

½aijdij 	 bijcij�2

Z
:

In particular, fk: S�D!R, (V,D)ifk((V,D))wfk(V,D), 1VkV4.
16Remember that aij,bij,cij,dijaNv{0} are denoting the entries in the 2�2 table for a pair (Ii,Ij)aQ�Q (Section

1.2). Note that
P

ðIi ;IjÞat
: : :w0:
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Proof. See Appendix A.3. 5
8. Boundedness of CA(VVVVVVVVVVVVVVVVVV ,D)

Proposition 18. Let Qw{Il: 1VlVm} (mz2). It holds:

(Relative Interval Nesting). If DaM(n�m; {0,1}) for naN fixed, then, for all VaS,

1 	 n2VCAðV;DÞV1:

That is, partial function CA(.,D): S!R, ViCA(.,D)(V)wCA(V,D) has a bounded

range CA(.,D)(S)o[1	n2,1].

(Proper Divergence to 	l	l	l	l	l	l	l	l). There exists an V*aS and (Dn)naN in D:

lim
n!l

ðCAðV*;DnÞÞnaN ¼ 	l;

in the sense of diverging properly to 	l.

Proof. See Appendix A.4. 5

8.1. Informal illustration of (PDt	l)

Reconsider the scheme on p. 8 of this article:

D1w
1 0 0 0

0 1 0 0

2
4

3
5
2�4

! CAðV;D1Þ ¼ þ0:33;

D2w

1 0 0 0

0 1 0 0

0 1 0 0

2
66664

3
77775
3�4

! CAðV;D2Þ ¼ 	0:50;

D3w

1 0 0 0

0 1 0 0

0 1 0 0

0 1 1 1

2
666666664

3
777777775
4�4

! CAðV;D3Þ ¼ 	1:91;

]
#
	l:

Remark. The measure CA(V,D) depends on the squared difference (rij	rij*)
2!+l:

CAðV;DÞw 1	 2

mðm	 1Þ
X

ðIi;IjÞa<QV

ðrij 	 rij*Þ2|fflfflfflfflfflffl{zfflfflfflfflfflffl}
!þl|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

!þl|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
!	l

:
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This should not be viewed as an inadequacy that diminishes CA(V,D)’s plausibility as a
reasonable goodness-of-fit measure. It is contrary to convention and preconception that a

‘‘convenient’’ measure should range in [0,1] or [	1,1].17 However, for the purpose of

selecting between competing surmise relations, such a ‘‘standardization’’ is not relevant.

Rather, it is important that the coefficient-based selection criterion is interpretable

(meaningful). Since CA(V,D) lacks a clear interpretation (cp. Section 12), this convention

might seem to be important. However, the importance diminishes as the interpretability

(meaningfulness) of a measure increases (Goodman and Kruskal, 1954).18

Or, if we speak in terms of functions:

Corollary 19. Let Qw{Il: 1VlVm} (mz2) and DaM(n�m; {0,1}). The partial function

CA(.,D): S!R, ViCA(.,D)(V)wCA(V,D) has bounded range CA(.,D)(S)o[1	n2,1]. For

the range CA(S�D) of CA: S�D!R, we have CA(S�D)o]	l,1],19 whereupon there

is no [a,b]oR with CA(S�D)o[a,b].
9. Consistency–maximum problem

Reconsider the example in Lemma 11:

Lemma 20 (Counterexample). Let Qw{Il: 1VlVm} (mz2) and VaS be a total fit to D.

Then, it is not necessarily the case that CA(V,D)=1. In other words, consistency does not

imply maximum in general.

Proof. See Appendix A.5. 5

Remark. If we presuppose consistency, and that CA(V,D) depends on (rij	rij*)
2>0 for a

not-V-comparable item pair (Ii, Ij)a<QV, then we have:

CAðV;DÞw1	 2

mðm	 1Þ
X

ðIi;IjÞa<QV

ðrij 	 rij*Þ2

¼ 1	 2

mðm	 1Þ
X

ðIi;IjÞa<
QAg
V ;dij>0

ðrij 	 rij*Þ2|fflfflfflfflfflffl{zfflfflfflfflfflffl}
>0

:

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
>0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

<1

Equivalence between consistency and maximum is not a property of essential relevance

for the purpose of selecting between competing surmise relations. The measure only needs

to be meaningful. Meaningfulness presupposed, such an additional property would allow

for a measure assuming its extreme value(s) for a certain type of ‘‘complete’’ association.

For example, in case of CA(V,D), this would mean the attainment of the maximum value 1

for the type of complete association ‘‘V a total fit to D’’.
17A reason might be the fact that most of the traditional association measures, based on Pearson’s v2 statistic

(Pearson, 1904), are ‘‘standardized’’; e.g., Pearson’s coefficient of contingency (Pearson, 1904), Tschuprow’s

contingency coefficient (Tschuprow, 1918/1919/1921), and Cramér’s contingency coefficient (Cramér, 1946).
18For traditional measures of association, see also Yule and Kendall (1950), Kendall and Stuart (1973), Goodman

and Kruskal (1954, 1959, 1963, 1972), Bishop et al. (1975), and Liebetrau (1983).
19We have ]	l,1]w{xaR: xV1}.
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Corollary 21. Let Qw{Il: 1VlVm} (mz2) and VaS be consistent with D. Then, it holds:

1. If <QjgV =t, then CA(V,D)=1.
2. If for every (Ii,Ij)a<QjgV , rij=0, then CA(V,D)=1.
3. Even more, CA(V,D)=1 Z b(Ii,Ij)a<QjgV : rij=0.
10. Maximum–consistency problem

The converse implication is also not true in general.

Lemma 22 (Counterexample). Let Qw{Il: 1VlVm} (mz2), DaD, and VaS with

CA(V,D)=1. Then, it is not necessarily the case that V is consistent with D. In other words,

maximum does not imply consistency in general.

Proof. See Appendix A.6. 5

Proposition 23 states that maximum CA(V,D)=1 implies consistency, provided no

subject contradicts any of the non-reflexive20 pairs IiVIj with non-existent empirical

correlation rij.

Proposition 23. Let Qw{Il: 1VlVm} (mz2). Further let VaS and D=(dklV)aM(n�m;

{0,1}) such that CA(V,D)=1. If for every non-reflexive pair (Ii,Ij)aV with IA,21 the
entry cij of its 2�2 table,

cijð¼ Afkaf1; 2; . . . ; ng : dkjiV¼ 0 ^ dkjV¼ 1gAÞ ¼ 0;

then V is a total fit to D.

Proof. See Appendix A.6. 5

10.1. Contrary properties

Contrary to psychological heuristics, CA(V,D) may attain its maximum 1 without V
being a total fit to D. This is only due to non-reflexive pairs (Ii,Ij)aV with non-existent

empirical correlation rij.
22 Based on this, one can construct an example which consists of a

‘‘highly’’ inconsistent surmise relation V1 with CA(V1,D)=1, and a total fit V2 with

CA(V2,D)<1. This might be regarded an inadequacy of CA(V,D)’s plausibility as a

reasonable selection criterion in ITA.
11. Functional relationship for equivalent data matrices

Wesiak et al. (2004) observe a ‘‘data-related’’ problem arising when trivial response

patterns are included/excluded in/from the input data matrix for ITA. Such response patterns,
20Any pair of items ( J1,J2)aQ�Q with J1 p J2 is called non-reflexive.
21 IA stands for the negation, ‘‘not A’’, of A.
22Compare the counterexample in Lemma 22: Contradiction is only due to the non-reflexive pair (I3,I2)aV with

non-existent empirical correlation r32.
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though empirically irrelevant with respect to solvability dependencies between items, do

drastically manipulate ITA solutions. Larger/smaller optimal Lopt (stronger/weaker struc-

tures Vopt) are obtained by adding/removing trivial patterns to/from the input data.

Lemma 24 bunches the impact of such patterns in a single ‘‘bias term’’.

Lemma 24 (Functional relationship). Let Qw{Il: 1VlVm} (mz2), VaS, and DaM(n�
m; {0,1}). For n0,n1aNv{0}, let Dt represent D enriched with n0 empty response patterns

(0,0,. . .,0) and n1 full response patterns (1,1,. . .,1) (i.e., as matrix rows). Under these

conditions, with a special function F*: (Nv{0})�(Nv{0})�D�S!R,

CAðV;DtÞ ¼ CAðV;DÞ 	 F*ðn0; n1;D;VÞ:

Proof. See Appendix A.7. 5
12. Discussion

12.1. Major misconceptions in CA(V,D) publications

Two major misconceptions are present in some of the CA(V,D) publications mentioned

in Section 1.1:

(A) The coefficient CA(V,D) does not measure goodness-of-fit with respect to the fit

criterion ‘‘number of response patterns in D matching all pairs in V’’. In the

terminology of knowledge spaces (Doignon and Falmagne, 1999), this is refered to as

‘‘number of response patterns in D matching one of the knowledge states in the quasi

ordinal knowledge space KV, corresponding to V’’.23

(B) The coefficient CA(V,D) does not provide a trade-off 24 between the goodness-of-fit

of V to D and size jVj of V. In the terminology of knowledge spaces, this is refered to

as a trade-off between goodness-of-fit and size of KV.
25

In the literature, we find comments such as:

Held and Korossy (1998): ‘‘. . . The CA(V,D) value takes into account the trade-off

between absolute goodness of fit. . . and the total number of inferred knowledge states’’.

Leeuwe (1974): ‘‘. . .This procedure [CA(V,D)] has the advantage that it gives a lower
value not only in the case that too many relations are constructed, but also that the

number of relations is very low’’.
23This is Birkhoff’s (1937) theorem. It states that ‘‘there is a one-to-one correspondence between the collection of

all surmise relations on an item set Q, and the collection of all quasi ordinal knowledge spaces on Q’’. See

Doignon and Falmagne (1999).
24Trade-off is understood in an informal way as ‘‘appropriate averaging’’.
25Whether goodness-of-fit is based on the fit criterion ‘‘match of response patterns in the structure’’, or (actually

underlying CA(V,D)) ‘‘agreement between empirical and theoretical correlation’’, the measure CA(V,D) does not
provide a trade-off.
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Held et al. (1995): ‘‘. . . Mit Hilfe von DA wird ebenso wie bei CA der Trade-Off

zwischen Größe und Passung einer Wissensstruktur berücksichtigt’’.26

Why do (A) and (B) occur? Ad27 (A). The actual fit criterion underlying CA(V,D) is
‘‘agreement between empirical and theoretical correlation’’ (FC2). Let FC1 denote the fit

criterion ‘‘match of response patterns in the structure’’. Then, FC2 association is not

‘‘directionally informative’’ for FC1 association.28 Consistency (i.e., ‘‘complete’’ FC1

association) does not imply maximum (i.e., ‘‘complete’’ FC2 association), and vice versa

(Sections 9 and 10). This also holds for intermediate stages of degree of association. For

instance, CA(V1,D)<CA(V2,D) (‘‘V1 smaller in degree of FC2 association than V2’’) does

not imply a directional statement of type ‘‘V1 smaller in degree of FC1 association than

V2’’. Rather, there are cases with the reversed order of degree of FC1 association.

Ad (B). A counterexample is given by Wesiak et al. (2004). For an empirical data set,

they obtain an optimal tolerance level Lopt=0. The ‘‘optimal’’ structure V0 is a total fit to D

(‘‘complete’’ FC1 association). It maximizes CA(V,D), i.e., in degree of FC2 association,

V0 is larger than or equal to any of the competing surmise relations. However, V0 is not

appropriately sized. It consists of 80 pairs of altogether 272=729 pairs (jQj=27; circa
11%). This structure is certainly too weak. An informal ‘‘mathematical’’ argument for

(B) would be: In the definition of CA(V,D), summation is taken over the ‘‘universal

set’’

<QVwfðIi; IjÞaQ� Q : i < j and ðIi; IjÞ fulfills Ag;

the same set for all surmise relations considered. Standardization is with respect to the

‘‘universal size’’ m(m	1)/2, independent of size jVj. Thus, there is no ‘‘structure-

specific averaging’’, which might give a hint for trade-off.

12.2. Major results in this paper

This work includes five major results:

1. Decomposition (Section 7). The coefficient CA(V,D) is naturally decomposed into four

finer parts. The decomposition is used to handle the maximum–consistency problem

(Section 10) and the functional relationship (Section 11) in an elegant way. It also

provides a useful descriptive ‘‘screening’’ method (exemplified below).

2. Boundedness (Section 8). The coefficient CA(V,D) may take on negative values, even

diverge properly to 	l (Proposition 18). The reason is that there is a difference

between empirical and theoretical correlation in regard to boundedness (Section 5).

3. Consistency–maximum problem (Section 9). Consistency does not imply maximum in

general. The reason is that there is a difference between empirical and theoretical
26In English: ‘‘By means of DA [another descriptive measure], just like CA(V,D), the trade-off between size and

goodness-of-fit of a knowledge structure is taken into account’’.
27In this work, the Latin word ‘‘ad’’ is used to stand for ‘‘in regards to’’.
28That is, higher degree of FC2 association implying higher degree of FC1 association.
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correlation in regard to coincidence (Section 4). There are conditions under which the

implication holds (Corollary 21).

4. Maximum–consistency problem (Section 10). Maximum does not imply consistency in

general. This is only due to non-reflexive pairs of a surmise relation for which the

empirical correlation does not exist. There is a condition under which the implication

holds (Proposition 23).

5. Functional relationship for equivalent data matrices (Section 11). The functional

relationship bunches the impact of trivial response patterns on CA(V,D) in a single

‘‘bias term’’ (Lemma 24).

What do these results imply for applications of CA(V,D)?
The coefficient CA(V,D) is an ad hoc measure lacking a clear statistical foundation. It is

purely used descriptive, no sampling and inference are considered. Thus, currently, we

suggest that CA(V,D) should be regarded as a tool for exploratory data and structure

analysis (see Section 12.3). Nevertheless, the user should consider the following hints

when using CA(V,D):

Ad 2: In most of the empirical studies, CA(V,D)a[0,1]. However, it is the case that

1	n2VCA(V,D)V1 with even CA(V,D)<0.
Ad 3: Do not interpret CA(V,D)<1 with non-consistency. To assure consistency implying

maximum, check for the conditions in Corollary 21.

Ad 4: Be aware that CA(V,D) can attain its maximum 1 though V may contradict the

data D. To assure maximum implying consistency, check for the condition in

Proposition 23. If you are using CA(V,D) in the context of ITA, remove all IiaQ

with si ¼ 1n or si ¼ 0n before applying ITA.

Ad 5: Remove trivial response patterns from the data at the beginning of data analysis,

and before calculating and utilizing CA(V,D) within ITA.

12.3. Consequences of the decomposition on screening of data and structure

12.3.1. Properties of the functions fi
Let fi (1ViV4) be the partial functions in the decomposition of CA(V,D) (Lemma 17).

They fulfill the following properties:29,30

(1) Obviously, for all VaS and DaD, fi(V,D)z0 (1ViV4).
(2) For Qw{Il : 1VlVm} (mz2) fixed, there is a global interval nesting for f1 and f4;

e.g., f1(S�D)o[0,4m2] and f4(S�D)o[0,m2]. But there is no such global interval nesting

for f2 and f3 (Q fixed). The latter may diverge properly to +l. However, additionally

fixing a matrix DaM(n�m; {0,1}), there is a relative interval nesting for f2 and f3,

depending on the number n of rows of D (cp. Corollary 14); e.g., fj(S�D)o[0,m2n2] for

j=2,3.
29No proofs are given. These can be infered in analogy to the preceding proofs.
30The question is: How do the properties boundedness, consistency–maximum problem, maximum–consistency

problem, and functional relationship, already analyzed for the global measure CA(V,D), look for the local

measures fi?
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(3) Local consistency is introduced for the sets <QjkV (ka{i,b,H}) in the decompo-

sition of CA(V,D):31

Definition 25. Let Qw{Il: 1VlVm} (mz2), DaM(n�m; {0,1}), and VaS. <QjgV is

called locally consistent with (or, local total fit to) D if no response pattern in D

contradicts any of the pairs in V determined by any of the elements in <QjgV . In other

words, if

bðIi; IjÞa <QAiV : ½IiVIj and IjVIi do not contradict D�:

(Global) consistency implies local consistency of <QjkV for all ka{i,b,H}. The

converse may not be true in general. ‘‘Conjoint’’ local consistency, i.e., local consistency

for all ka{i,b,H}, does not imply consistency.32 The implication holds under the

condition in Proposition 23.

(4) What is the interplay between the local consistency of <QjkV and the corresponding

minimum fi=0 (ka{i,b,H}, 1ViV3)? It obviously holds:

For all ði; kÞafð1;iÞ; ð2;bÞ; ð3;HÞg; fi ¼ 0ZLocal consistency of <QAk :V

In particular, consistency implies minima fj(V,D)=0 for all 1VjV3. For f4, minimum

f4(V,D)=0 does not hold under consistency in general. ‘‘Conjoint’’ minima fi=0 for all

i=1,2,3 do not imply consistency in general. The latter implication holds under the

condition in Proposition 23.

(5) The partial functions fi (1ViV4) depend on trivial response patterns:

Corollary 26 (Out of proof of Lemma 24). Let Qw{Il: 1VlVm} (mz2), VaS, and Da
M(n�m; {0,1}). For n0,n1aNv{0}, let Dt represent D enriched with n0 empty response

patterns (0,0,. . .,0) and n1 full response patterns (1,1,. . .,1) (i.e., as matrix rows). Then,

with special bias terms Fi*: (Nv{0})�(Nv{0})�D�S!R for 1ViV4,

fiðV;DtÞ ¼ fiðV;DÞ þ Fi*ðn0; n1;D;VÞ:

12.3.2. Exploratory data and structure analysis

The decomposition of CA(V,D) may be utilized for descriptive data and structure

analysis. We distinguish between (I) the ‘‘one-model’’ case (only one model analyzed),

and (II) the ‘‘two-model’’ case (two different models compared). In both of the cases only

one data matrix is fixed.33
31The definition is only formulated for <QjiV (for <QjbV and <Qj
H

V similar).
32The reason is that non-reflexive pairs in V with non-existent empirical correlation are not determined by any

of the elements in any of the sets <QjkV (ka{i,b,H}). These pairs may cause contradictions with the data

(Section 10).
33Other ‘‘multi-model and -matrix’’ cases are conceivable and could be analyzed on similar grounds.



12.3.2.1. One-model case. Ad (I). Let VaS be a model, and DaD a binary data matrix.

If fi(V,D)>0, then the corresponding local consistency of <QjkV is not fulfilled

(1ViV3, ka{i,b,H}):

(i=1) If f1(V,D)>0, then <QjiV is not locally consistent with D. Thus, there is at least one V
-equivalent34 pair with existent rij, contradicting D. Of course, there might be V-
equivalent pairs with non-existent rij, contradicting D. The existence of such pairs

is not guaranteed by f1(V,D)>0. However, it is conceivable to have an algorithm

checking for the presence of such pairs. Successively, pick the si ¼ 1n and si ¼ 0n
columns of D, and screen the respective pairs ðJ ; si ¼ 1nÞ and ðsi ¼ 0n; JÞ for

V-equivalence and contradiction, for all other items JaQ. For small structures and

data sets, this could be done even by hand. If using CA(V,D) within ITA, an

alternative is to remove all items IiaQ with si ¼ 1n or si ¼ 0n before applying ITA.

(i=2) If f2(V,D)>0, then there is at least one pair (Ii,Ij)aV which contradicts D, with (a)

i<j, (b) existent rij, and (c) (Ij,Ii)gV. Of course, there might be pairs (Ii,Ij)aV with

(a), (c), and non-existent rij, contradicting D. The existence of such pairs is not

implied by f2(V,D)>0. Again, it is conceivable to construct an algorithm checking

for the presence of such item pairs. Successively, pick the si ¼ 1n and si ¼ 0n
columns of D, and screen all respective pairs ðIj; si ¼ 1nÞ with j<i and ðsi ¼ 0n; IjÞ
with i<j for ‘‘a-relation’’ with V, (c), and contradiction. If used within ITA, an

alternative is to remove all items IiaQ with si ¼ 1n or si ¼ 0n.

(i=3) If f3(V,D)>0, then there is at least one pair (Ii,Ij)aV which contradicts D, with (a)

j<i, (b) existent rij, and (c) (Ij,Ii)gV. Of course, there might be pairs (Ii,Ij)aV with

(a), (c), and non-existent rij, contradicting D. The existence of such pairs is not

implied by f3(V,D)>0. One could give an algorithm checking for the presence of

such pairs.

Conversely, if fi(V,D)=0, then the corresponding local consistency of <QjkV is fulfilled

(1ViV3, ka{i,b,H}):

(i=1)V If f1(V,D)=0, then every V-equivalent pair with existent rij does not cause

contradiction. Of course, V-equivalent pairs with non-existent rij may cause

contradiction. This is not determined by f1(V,D)=0, and can be checked separately

(see (i=1)).

(i=2)V If f2(V,D)=0, then none of the pairs (Ii,Ij)aV with (a) i<j, (b) existent rij, and (c)

(Ij,Ii)gV contradict D. There might be pairs with (a), (c), and non-existent rij,

contradicting D. The existence of such pairs is not given by f2(V,D)=0, and can be

checked separately (see (i=2)).

(i=3)V If f3(V,D)=0, then there exists no pair (Ii,Ij)aV with (a) j<i, (b) existent rij, and (c)

(Ij,Ii)gV, contradicting D. There might be pairs with (a), (c), and non-existent rij,

contradicting D. This is not determined by f3(V,D)=0, and can be checked

separately (see (i=3)).
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34A pair (Ii,Ij)aQ�Q is called V-equivalent iff (Ii,Ij)aV and (Ij,Ii)aV.



12.3.2.2. Two-model case. Ad (II). Let V1,V2aS be two models, DaD a binary data

matrix.

Preliminary considerations. Let <QVw{(Ii,Ij)aQ�Q: i<j and rij exists}. Then, we have

(Section 7):

X
kafi;b;H;gg

<QAkV ½V1� ¼<QV

¼
X

kafi;b;H;gg
<QAkV ½V2�;

with (for sa{1, 2})

<
Q

A
i

V ½Vs�w <QV \ fðIi; IjÞaQ� Q : ðIi; IjÞaVs ^ ðIj; IiÞaVsg;
<

Q
A
b

V ½Vs�w <QV \ fðIi; IjÞaQ� Q : ðIi; IjÞaVs ^ ðIj; IiÞgVsg;
<

Q
A
H

V ½Vs�w <QV \ fðIi; IjÞaQ� Q : ðIi; IjÞgVs ^ ðIj; IiÞaVsg;
<

Q
A
g

V ½Vs�w <QV \ fðIi; IjÞaQ� Q : ðIi; IjÞgVs ^ ðIj; IiÞgVsg:

The families F [Vs]w(<Qj
iV [Vs],<Q j

bV [Vs],<Q j
H

V [Vs],<Q jgV [Vs]) (s=1,2) represent disjoint

coverings of <QV.
Then, for all ka{i, b, H, g} and s,sVa{1,2} with s p sV,

<QAkV ½Vs� ¼<QAkV ½Vs�\ <QV ¼<QAkV ½Vs� \
X

kVafi;b;Hgg
<

Q
A
kV

V ½VsV�

¼
X

kVafi;b;H;gg
½<

Q
A
k

V ½Vs�\ <
Q

A
kV

V ½VsV��:

The family Is,kw(<Qj
k

V [Vs]\<Qj
k V

V [VsV]: kVa{i, b, H, g}) is a disjoint covering of

<Qj
k

V [Vs]. Thus, every <Qj
k

V [V1] is partitioned with respect to the four cases <Qj
k V

V [V2],
and, respectively, every <Qj

k V
V [V2] with respect to the four cases <Qj

k
V [V1]. Family Ew

((k)1\(kV)2: ka{i,b,H,g}, kVa{i,b,H,g}) is a finer disjoint covering of <QV
than F [V1] and F [V2] (See Table 1).35

For Vs (s=1,2),

CAðVs;DÞ ¼ 1	 2

mðm	 1Þ
X4

k¼1

fkðVs;DÞ;
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35<QjiV [Vs],<Qj
bV [Vs], etc. (s=1, 2) are also written is, bs, etc. Note that ‘‘Total’’ is meant in the sense of set-

theoretic union (here, even A).



Table 1

Partitioning sets

V1\V2 <QjiV [V2] <Qj
b

V [V2] <Qj
H

V [V2] <QjgV [V2] Total (A)

<QjiV [V1] i1\i2 i1\b2 i1\H2 i1\g2 <QjiV [V1]
<Qj

b
V [V1] b1\i2 b1\b2 b1\H2 b1\g2 <QjbV [V1]

<Qj
H

V [V1] H1\i2 H1\b2 H1\H2 H1\g2 <QjHV [V1]
<QjgV [V1] g1\i2 g1\b2 g1\H2 g1\g2 <QjgV [V1]
Total (A) <QjiV [V2] <Qj

b
V [V2] <Qj

H

V [V2] <QjgV [V2] <QV
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with (Zw[aij+bij]
[cij+dij]
[aij+cij]
[bij+dij])

f1ðVs;DÞw
X

ðIi;IjÞa<
QAiV ½Vs�

aijdij 	 bijcijffiffiffi
Z

p 	 1

� �2

;

f2ðVs;DÞw
X

ðIi;IjÞa<
QAbV ½Vs�

½ncij�2

Z
;

f3ðVs;DÞw
X

ðIi;IjÞa<
QAHV ½Vs�

½nbij�2

Z
;

f4ðVs;DÞw
X

ðIi;IjÞa<
QAg
V ½Vs�

½aijdij 	 bijcij�2

Z
:

Next, we define a table of local summary statistics corresponding to Table 1.

Consider (i1\b2). For a pair (Ii,Ij) in (i1\b2), [IiV1Ij^IjV1Ii] and [IiV2Ij^IjO2Ii].

There are two prescriptions for calculating theoretical correlation rij*: (a) viewed in

regard to V1, and (b) with respect to V2. In case of (a), d2ijw(rij	rij*)
2 is

� aijdij	bijcijffiffiffi
Z

p 	 1
�2
,

whereas for (b), it is [ncij]
2/Z. Summation over all pairs in (i1\b2) yieldsP

ðIi;IjÞaði1\b2Þ
� aijdij	bijcijffiffiffi

Z
p 	 1

�
2

in case of (a), and, respectively,
P

ðIi;IjÞaði1\b2Þ
½ncij�2
Z

in case of (b). Let these two functions be denoted by fi1̂
,b2

[case (a)], and respectively

fi1
,b2̂

[case (b)].36 For the sets on the diagonal of Table 1, i.e., (i1\i2), (b1\b2),

(H1\H2), and (g1\g2), both prescriptions coincide. Thus, only one measure is

determined for any of these sets. Let them be denoted by fi1,i2, fb1,b2, etc. See Table 2.
37

Issues like boundedness, consistency–maximum problem, etc., already discussed for

global measure CA(V,D) and 1st-order local measures fi, can be transfered to and re-

discussed for the finer 2nd-order local measures fi1
,i2

, fi1̂
,b2

, fi1
,b2̂

, etc. (partly, with

minor modifications).38
36The symbol ^ indicates the model the calculation is taken in regard to.
37Row and column totals are obtained by summing over V1- and V2-calculated f values, respectively (e.g.,

f1(V1,D)=fi1
,i2

+fi1̂
,b2

+fi1̂
,
H2

+fi1̂
,g2

).
38Note that for ‘‘non-diagonal’’ sets in Table 1, local consistency can be defined in regard to model V1, and with

respect to model V2.



Table 2

Local statistics

V1\V2 <QjiV [V2] <Qj
b
V [V2] <Qj

H

V [V2] <QjgV [V2] Total (A)

<QjiV [V1] fi1
,i2

fi1̂
,b2

jfi1
,b2̂

fi1̂
,
H2

jfi1
,
H2̂

fi1̂
,g2

jfi1
,g2̂

f1(V1,D)
<Qj

b
V [V1] fb1̂

,i2
jfb1

,i2̂
fb1

,b2
fb1̂

,
H2

jfb1
,
H2̂

fb1̂
,g2

jfb1
,g2̂

f2(V1,D)
<Qj

H

V [V1] f
H1̂

,i2
jf
H1

,i2̂
f
H1̂

,b2
jf
H1

,b2̂
f
H1

,
H2

f
H1̂

,g2
jf
H1

,g2̂
f3(V1,D)

<QjgV [V1] fg1̂
,i2

jfg1
,i2̂

fg1̂
,b2

jfg1
,b2̂

fg1̂
,
H2

jfg1
,
H2̂

fg1
,g2

f4(V1,D)
Total (A) f1(V2,D) f2(V2,D) f3(V2,D) f4(V2,D) –
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Actual elaborations. Each of the models V1 and V2 could be investigated,

conditional on the other model given. This corresponds to a ‘‘one-model analysis’’ as

sketched in (I), however, this time, based on the finer 2nd-order local measures fi1
,i2

,

fi1̂
,b2

, fi1
,b2̂

, etc. This is straightforward, and is left to the reader.

Models V1 and V2 can be compared, locally, in regard to their descriptive adequacy with

data D. This is sketched next, using Table 2:39

First row i1. Column b2: (1) Let fi1̂
,b2

=0. Then, fi1
,b2̂

=0. Consider a pair (Ii,Ij)a
(i1\b2). Then, (Ii,Ij) and (Ij,Ii) are in V1, whereas only (Ii,Ij) but not (Ij,Ii) belongs to V2.
V2. Since fi1̂

,b2
=0, neither (Ii,Ij) nor (Ij,Ii) contradicts D. The pair (Ij,Ii) might be a

candidate for V2.
40 (2) Let fi1̂

,b2
>0. If fi1

,b2̂
=0, then pair (Ii,Ij) in (i1\b2) should

rather be classified according to V2- than V1-prescription:
41 For every pair

(Ii,Ij)a(i1\b2), the ‘‘direction’’ (Ii,Ij) does not cause contradiction. However, for an

appropriate (Ii,Ij)a(i1\b2), there is a pair (Ij,Ii) contradicting D. These ‘‘directions’’

(Ij,Ii)aV1 (for (Ii,Ij)a(i1\b2)) might be candidates to exclude from V1.

Column H2: This is dual to (1) and (2), Column b2.

Column g2: Let fi1̂,g2
=0. For any (Ii,Ij)a(i1\g2), neither (Ii,Ij) (gV2) nor (Ij,Ii)

(gV2) contradicts D. These pairs might be candidates for V2.

Second row b1. Column i2: This is dual to First row i1, Column b2.

Column H2: (1) Let fb1̂
,
H2

>0. If fb1
,
H2

=0, then pair (Ii,Ij) in (b1\H2) should be

classified according to V1- than V2-prescription:
42 For every pair (Ii,Ij)a(b1\H2), the

‘‘direction’’ (Ii,Ij) does not cause contradiction. However, for an appropriate

(Ii,Ij)a(b1\H2), there is a pair (Ij,Ii) which contradicts D. These ‘‘directions’’ (Ij,Ii)aV2
and (Ii, Ij)gV2 (for (Ii,Ij)a(b1\H2)) might be candidates to respectively exclude from or

include into V2. (2) Let fb1̂
,
H2

=0. If fb1
,
H2̂

=0, for every pair (Ii,Ij)a(b1\H2), the

‘‘directions’’ (Ii,Ij)gV2 and (Ij,Ii)gV1 might be candidates to include into V2 and V1,
respectively. (3) Let fb1̂

,
H2

>0. If fb1
,
H2̂

=0, then pair (Ii,Ij) in (b1\H2) should be

classified according to V2- than V1-prescription.
39We only focus on some ‘‘important’’ issues.
40For example, in the context of a data-analytic search method for surmise relations.
41That is, [(Ii,Ij)aV2^(Ij,Ii)gV2]- than [(Ii,Ij)aV1^(Ij,Ii)aV1]-prescription.
42That is, [(Ii,Ij)aV1^(Ij,Ii)gV1]- than [(Ii,Ij)gV2^(Ij,Ii)aV2]-prescription.
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Columng2: Let fb1̂
,g2

=0. For any (Ii,Ij)a(b1\g2), (Ii,Ij) (gV2) does not contradict D.

These pairs might be candidates for V2.

Third and fourth rows H1 and g1. This is dual to the previous cases.

The descriptive arguments in Section 12.3 may lead to revisions in a priori hierarchical

dependencies between bi-valued test items. This might play a role in search and discovery

algorithms for detecting relations among test items. Even more, the arguments could

possibly be used to elaborate an alternative data-analytic method.

12.4. Final general remarks

The coefficient CA(V,D) is not derived based on a clear statistical model. It is

descriptive, no sampling and inference are considered. The measure lacks a clear

population analogue; no reasonable point estimators with (asymptotic) distributions, no

confidence intervals, no hypotheses testing, and no statistical comparisons between

different population values are provided.

The coefficient CA(V,D) does not satisfy certain methodological issues desirable for

association measures in general: (1) A certain value of CA(V,D) is not interpretable

sensibly in terms of concepts of a statistical model. (2) The measure does not sufficiently

take into account the nominal character of the data. The Pearson correlation (respectively

Phi coefficient) is less than adequate (Pearson correlation, actually designed for real

variables).

The surmise relation optimal with respect to CA(V,D) might be used for a special

(operational) purpose, e.g., adaptive assessment of knowledge. Then, the fit criterion

underlying CA(V,D) (i.e., agreement between rij and rij*) may not reflect the intended

purpose(s) adequately.

Future work could involve interpretable goodness-of-fit measures in regard to purpose-

related fit criteria derived on the basis of the ‘‘Proportional Reduction in Predictive Error’’

approach.43 These measures could take into account the niveau of the data. Another

direction of research is to combine goodness-of-fit measures to different fit criteria to

create a single measure, providing a ‘‘trade-off’’ (in whatever sense) between the fit

criteria meshed. The question is how to base this on statistical grounds.44 This would be of

interest (e.g.) in KST (see Section 1.1).
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Appendix A. Proofs

A.1. Proofs in Section 4

Lemma 9. Let (Ii,Ij)aV (1Vi, jVm) with A.45

Consider the corresponding 2�2 table:

IiqIj 1 0

1 a b

0 c d

with entries a,b,c,daNv{0},

a ¼ Afkaf1; 2; . . . ; ng : dkiV¼ 1 ^ dkjV¼ 1gA;
b ¼ Afkaf1; 2; . . . ; ng : dkiV¼ 1 ^ dkjV¼ 0gA;
c ¼ Afkaf1; 2; . . . ; ng : dkiV¼ 0 ^ dkjV¼ 1gA;
d ¼ Afkaf1; 2; . . . ; ng : dkiV¼ 0 ^ dkjV¼ 0gA:

According to Lemma 7, we have

rij ¼
ad 	 bcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaþ cÞ 
 ðbþ dÞ 
 ðaþ bÞ 
 ðcþ dÞ
p :

Case 1 ([(Ij,Ii)aV]). Since V is consistent with D, we have b=c=0. Thus,

rij ¼
ad 	 bcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaþ cÞ 
 ðbþ dÞ 
 ðaþ bÞ 
 ðcþ dÞ
p

¼ ad 	 0 
 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ 0Þ 
 ð0þ dÞ 
 ðaþ 0Þ 
 ð0þ dÞ

p ¼ 1:
45The symbol A is introduced in Definition 5.
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Case 2 ([(Ij,Ii)gV]). Since V is a total fit to D, we have c=0. Thus,

rij ¼
ad 	 bcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaþ cÞ 
 ðbþ dÞ 
 ðaþ bÞ 
 ðcþ dÞ
p

¼ ad 	 b 
 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ 0Þ 
 ðbþ dÞ 
 ðaþ bÞ 
 ð0þ dÞ

p ¼ adffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ad 
 ðbþ dÞ 
 ðaþ bÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ad

ðbþ dÞ 
 ðaþ bÞ

s
¼ðiÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 pIiÞ 
 pIj
ð1	 pIjÞ 
 pIi

s
:

Ad 27 (i). We see that by direct transformations: ad
ðbþdÞ
ðaþbÞ ¼

ð1	pIi Þ
pIj
ð1	pIj Þ
pIi

: 5

Lemma 11. This example is proposed originally by Schrepp (1999, pp. 364–365): Let

Qw{I1,I2,I3,I4} be a set of four dichotomous items. The binary relation V is a surmise

relation on Q,46

VwD [ fðI2; I1Þ; ðI3; I1Þ; ðI4; I1Þ; ðI4; I3Þg:
Consider the data matrix DaM(7�4; {0,1}),

Dw

0 0 0 0

0 0 0 1

0 1 0 0

0 1 0 1

0 0 1 1

0 1 1 1

1 1 1 1

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

:

Then, V is consistent with D. The pair (I2,I4)aQ�Q is not-V-comparable satisfying A.

For r24, r24=½
ffiffiffiffiffiffiffiffi
120

p
�	1

(c0.09). Thus, r24 p 0 (zr24* ). 5

Proposition 12. Let [(Ii,Ij)gV^(Ij,Ii)aV].47 By means of the definitions of empirical and

theoretical correlation, both concepts of correlation are ‘‘symmetric in the indexes’’, i.e.,

for all (Ii,Ij)a[Q�Q]A, rij=rji and rij*=rji*. Therefore,

dijwrij 	 rij* ¼ rji 	 rji*¼
ðiÞ

0:

Ad (i). Since (Ij,Ii)aV with A, Corollary 10 assures rji–rji* =0. 5
46D denotes the diagonal Dw{ J=( J1,J2)aQ�Q: J1=J2} in Q�Q.
47If [(Ii,Ij)aV_(Ij,Ii)gV], it results from Corollary 10 and Lemma 11.



A.2. Proofs in Section 5

Proposition 13 (RIN). Of course, 0Vrij*. Show: rij*Vn	1.

Consider cases [(Ii,Ij)aV^(Ij,Ii)gV] and [(Ii,Ij)gV^(Ij,Ii)aV]:48

Case 1 [(Ii,Ij)aV^(Ij,Ii)gV]. Then, we have

rij*w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 pIjÞ 
 pIj
ð1	 pIiÞ 
 pIi

s
V
ðiÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 n	1Þ 
 n	1ðn	 1Þ
½1	 n	1ðn	 1Þ� 
 n	1

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn	 1Þ2

q
¼ n	 1:

Ad (i). Since (Ii,Ij)a[Q�Q]A, it holds n
	1VpIlVn

	1(n	1), l=i,j.

Case 2 [(Ii,Ij)gV^(Ij,Ii)aV]. Then, we have

rij*w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 pIiÞ 
 pIi
ð1	 pIjÞ 
 pIj

s
V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 n	1Þ 
 n	1ðn	 1Þ
½1	 n	1ðn	 1Þ� 
 n	1

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn	 1Þ2

q
¼ n	 1:

(PDt+lllll). Let maN, mz2. Let I1,I2aQ. Consider the surmise relation V*wDv{(I1,I2)}

(Dw{ J=( J1,J2)aQ�Q: J1=J2}).

We show that this special choice of V* and (I1,I2) with 1<2, (I1,I2)gV*, and (I2,I1)aV*
fulfills the required condition

bnz2aDn	1aMðn� m; f0; 1gÞ : ½ðr12Þn	1 ¼ 	1� ^ ½ðr12*Þn	1 ¼ n	 1�:

For every naN, nz2, define the n�m matrix Dn	1aM (n�m; {0,1}),49

Dn	1w

1 0 * : : : * * *

0 1 * O ]

0 1 * O *

] ] ] O *

0 1 * * * : : : *

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
:

The column s1 of Dn	1 corresponding to I1aQ is

s1wð1; 0; 0; . . . ; 0|fflfflfflfflfflffl{zfflfflfflfflfflffl}
ðn	1Þtimes

ÞT;

A. Ünlü, D. Albert / Mathematical Social Sciences 48 (2004) 281–314 305
48If [(Ii,Ij)aV^(Ij,Ii)aV], then, obviously, rij* w1Vn	1 (note: nz2). If [(Ii,Ij)gV^(Ij,Ii)gV], then rij*w0Vn	1.
49The symbol * substitutes 0 and 1, arbitrarily combined.
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and the column s2 of Dn	1 corresponding to I2aQ is

s2wð0; 1; 1; . . . ; 1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
ðn	1Þtimes

ÞT:

Let naN, nz2, and Dn	1aM (n�m; {0,1}) (previously defined). The empirical

correlation (r12)n	1 between I1,I2aQ under Dn	1 satisfies (r12)n	1=	1. The 2�2 table for

(I1,I2) is given by

I1qI2 1 0

1 0 1

0 n	 1 0

According to Lemma 7, we have

ðr12Þn	1 ¼
0 
 0	 ðn	 1Þ 
 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn	 1Þ 
 1 
 1 
 ðn	 1Þ

p ¼ 	1:

The theoretical correlation (r12* )n	1 between I1,I2aQ under Dn	1 reduces to (r12* )n	1=

n	1. Since (I1,I2)aV* and (I2,I1)gV*, we have

ðr12* Þn	1w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 pI1Þ 
 pI2
ð1	 pI2Þ 
 pI1

:

s

We see that pI1=n
	1 and pI2=n

	1(n	1). Finally, it holds

ðr12* Þn	1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1	 n	1Þ 
 n	1ðn	 1Þ
½1	 n	1ðn	 1Þ� 
 n	1

s
¼ n	 1:

The corresponding sequence ((r12* )n)naN, (r12* )n=n for all naN, diverges properly to

+l, i.e., limn!l((r12* )n)naN=+l. 5

Corollary 14. Since rija[	1,1] and rij* a[0,n	1], we have:

dijwrij 	 rij*V1	 rij*V1	 0 ¼ 1;

and

dijwrij 	 rij*z	 1	 rij*z	 1	 ðn	 1Þ ¼ 	n:

In particular, we have dij
2a[0,n2]. 5



A.3. Proofs in Section 7

Lemma 17. Use <QV¼
P

kafi;b;H;gg
<

Q
A
k

V to obtain:

1	 CAðV;DÞ ¼ 2

mðm	 1Þ
X

ðIi;IjÞa<QV

ðrij 	 rij*Þ2 ¼
2

mðm	 1Þ
X

ðIi;IjÞa<
QAiV

ðrij 	 rij*Þ2

þ 2

mðm	 1Þ
X

ðIi;IjÞa<
QAbV

ðrij 	 rij*Þ2 þ
2

mðm	 1Þ
X

ðIi;IjÞa<
QAHV

ðrij 	 rij*Þ2

þ 2

mðm	 1Þ
X

ðIi;IjÞa<
QAg
V

ðrij 	 rij*Þ2:

Substitute
aijdij	bijcijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaijþcijÞ
ðbijþdijÞ
ðaijþbijÞ
ðcijþdijÞ
p for rij to obtain f1(V,D), f4(V,D) trivially, and

f2(V,D), f3(V,D) after summarizing appropriate terms. 5

A.4. Proofs in Section 8

Proposition 18 (RIN). Let VaS. Let <QVp t. Then,

CAðV;DÞw1	 2

mðm	 1Þ
X

ðIi;IjÞa<QV

ðrij 	 rij*Þ2 V
ðiÞ
1:

Ad (i). Clearly, 2[m(m	1)]	1
X

ðIi;IjÞa<QV

(rij 	 rij*)
2z0.

CAðV;DÞw1	 2

mðm	 1Þ
X

ðIi;IjÞa<QV

ðrij 	 rij*Þ2 z
ðiÞ
1	 2

mðm	 1Þ
X

ðIi;IjÞa<QV

n2

¼ 1	 2

mðm	 1Þ 
A<QVA 
 n2 z
ðiiÞ

1	 2

mðm	 1Þ 

mðm	 1Þ

2

 n2 ¼ 1	 n2:

Ad (i). According to Corollary 14, 0V(rij	rij*)
2Vn2 for all (Ii,Ij)a<QV.

Ad (ii). We have j<QVjV2	1[m(m	1)].

(PDt	lllll). According to Proposition 13, there is a surmise relation V* and a sequence

(Dn)naN with: For an appropriate (Ii0,Ij0)aQ�Q with i0<j0, [(Ii0,Ij0)aV*^(Ij0,Ii0)gV*],

and [bnaN: (Ii0,Ij0) fulfills A under Dn], it holds ((ri0 j0)n)naN=(	1,	1,	1,	1,. . .) and
((ri j* )n)naN=(1,2,3,4,. . .).

50
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0 0

50For naN, (ri0 j0)n and (ri0 j0* )n respectively denote empirical and theoretical correlation between Ii0 and Ij0 under

Dn.
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These facts imply (naN arbitrary):51

CAðV�;DnÞw1	 2

mðm	 1Þ
X

ðIi;IjÞa<QVðDnÞ
ðrij 	 rij*Þ2

V
ðiÞ
1	 2

mðm	 1Þ ððri0j0Þn 	 ðri0 j0* ÞnÞ
2

¼ðiiÞ1	 2ðnþ 1Þ2

mðm	 1Þ :

Ad (i). ðIi0 ; Ij0Þa <QVðDnÞ: ððri0j0Þn 	 ðri0j0* ÞnÞ
2V

P
ðIi;IjÞa<QVðDnÞðrij 	 rij*Þ2.

Ad (ii). It is the case that (ri0 j0)n=	1 and (ri0 j0* )n=n.

The sequence (1	[2(n+1)2]/[m(m	1)])naN diverges properly to 	l. 5

A.5. Proofs in Section 9

Lemma 20. See the example in Lemma 11: (r24	r24* )2>0. 5

A.6. Proofs in Section 10

Lemma 22. Consider the counterexample:

QwfI1; I2; I3g;
VwD [ fðI1; I2Þ; ðI3; I2Þg;

Dw
1 1 0

0 0 0

2
4

3
5
2�3

:

Then, V is not consistent with D.52 Since <QV={(I1,I2)} and r12=r12* (=1), it holds

CA(V,D)=1	1/3(r12	r12* )2=1. 5

Proposition 23. Let (Ii,Ij)aV be a non-reflexive pair for which rij exists (i.e., with A).

Show that j{ka{1,2,. . .,n}: dkiV=0^dkjV=1}j=0. According to Lemma 17, CA(V,D)=1 is

equivalent to the conjunction of the four conditions (Zw[aij+bij]
[cij+dij]
[aij+cij]
[bij+dij]):

bðIi; IjÞa <
QAi
V :

aijdij 	 bijcijffiffiffi
Z

p 	 1 ¼ 0;

bðIi; IjÞa <
QAb
V : ncij ¼ 0;

bðIi; IjÞa <
QA

H

V : nbij ¼ 0;

bðIi; IjÞa <
QAg
V : aijdij 	 bijcij ¼ 0:
51We have <QV(Dn)w{(Ii,Ij)aQ�Q: i<j and (Ii,Ij) fulfills A under Dn}.
52This is only due to the pair (I3,I2)aV, for which r32 does not exist.
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Case 1 [i<j^(Ij,Ii)gV]. Then, (Ii,Ij)a<QjbV . Thus, cij=0.

Case 2 [i<j^(Ij,Ii)aV]. In this case, (Ii,Ij)a<QjiV . The pair (Ii,Ij) is subjected to condition
aijdij	bijcijffiffiffi

Z
p 	 1 ¼ 0. In other words (Lemma 7),

Xn

k¼1

½ððsiÞk 	 siÞððsjÞk 	 sjÞ�
     

     ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

k¼1

½ðsiÞk 	 si�2
s



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

k¼1

½ðsjÞk 	 sj�2:
s

We apply the Cauchy–Schwarz Inequality (CSI); see Fischer (1995).

Lemma 27 [Cauchy–Schwarz Inequality]. Let V be an inner product space with cor-

responding scalar product h.,.i: V�V!K . Then, for all v,waV,

Ahv;wiAVNvN 
 NwN;

whereupon NvNw
ffiffiffiffiffiffiffiffiffiffi
hv; vi

p
and NwNw

ffiffiffiffiffiffiffiffiffiffiffiffiffi
hw;wi

p
denote the norms of v and w under the

canonical norm N:N:V ! R; xiNxNw
ffiffiffiffiffiffiffiffiffiffi
hx; xi

p
on V. Equality holds if and only if the

vectors v and w are linearly dependent, i.e., one is a scalar multiple of the other.

Let h.,.i: Rn�Rn!R, (x,y)ihx,yiw
Pn

k¼1 xkyk be the canonical scalar product on Rn.

The corresponding canonical norm is given by

N:N: Rn ! R; xiNxNw
ffiffiffiffiffiffiffiffiffiffiffiffi
hx; xi:

p
In this notation, the equation preceding Lemma 27 is rewritten53

Ahsi 	 ðsiÞ; sj 	 ðsjÞiA ¼ Nsi 	 ðsiÞN 
 Nsj 	 ðsjÞN:

According to the CSI, for an appropriate kaR, one of the vectors si	ðsiÞ and sj	ðsjÞ
is a k-scalar multiple of the other. Since (Ii,Ij) satisfies A, it holds kp 0. Thus, si 	
ðsiÞ ¼ l 
 ½sj 	 ðsjÞ] for an appropriate laR, l p 0.

Step 1. There is an index ka{1,2,. . .,n} with (si)k=(sj)k=0.

Assumption. There is no index ka{1,2,. . .,n} with (si)k=(sj)k=0. The pair (Ii,Ij) satisfies

A. Therefore, there are k1,k2a{1,2,. . .,n} with (si)k1=0 and (si)k2=1. Under assumption,

(sj)k1=1.

Case 1 [(sj)k2=0]. Then, 0 ¼ l 	 lsj þ si and 1 ¼ si 	 lsj. Thus, l=	1. This implies

si 	 ðsiÞ ¼ ð	1Þ 
 ½sj 	 ðsjÞ]. Then, we obtain a contradiction:

0<
ðiÞ
hsi 	 ðsiÞ; sj 	 ðsjÞi

¼ hð	1Þ 
 ½sj 	 ðsjÞ�; sj 	 ðsjÞi

¼ðiiÞð	1Þ 
 Nsj 	 ðsjÞN2

<
ðiiiÞ

0:
53We have ðshÞwðsh; sh; . . . ; shÞTaRn; h ¼ i; j.



A. Ünlü, D. Albert / Mathematical Social Sciences 48 (2004) 281–314310
Ad (i). We have 1 ¼ rij ¼
hsi	ðsiÞ;sj	ðsjÞi

Nsi	ðsiÞN
Nsj	ðsjÞN :

Ad (ii). It holds ha
x,yi=ahx,yi for all x,yaRn and aaR.

Ad (iii). Since (Ii,Ij)a[Q�Q]A, we have Nsj 	 ðsjÞN > 0.

Case 2 [(sj)k2=1]. In this case, 0 ¼ l 	 lsj þ si and 1 ¼ l 	 lsj þ si.

Step 2. There exists an index ka{1,2,. . .,n} with (si)k=(sj)k=1.

Assumption. There is no index ka{1,2,. . .,n} with (si)k=(sj)k=1. Since (Ii,Ij) satisfies A,

there are indexes k1,k2a{1,2,. . .,n} with (si)k1=0 and (si)k2=1. Under assumption, (sj)k2=0.

Case 1 [(sj)k1=0]. Then, 0 ¼ si 	 lsj and 1= si	lsj.

Case 2 [(sj)k1=1]. In this case, 0 ¼ l 	 lsj þ si and 1 ¼ si 	 sj. According to Case 1 of

Step 1, this leads to a contradiction.

Step 3. We prove that l=1.
According to Step 1 and Step 2, there are indexes k1,k2a{1,2,. . .,n} with (si)k1=(sj)k1=0

and (si)k2=(sj)k2=1. Thus, 0 ¼ si 	 lsj and 1 ¼ l 	 lsj þ si. Finally, 1 ¼ l þ ðsi 	 lsjÞ ¼
l þ 0 ¼ l.

Step 4. The vectors si and sj are equal.

Since l=1, si 	 ðsiÞ ¼ sj 	 ðsjÞ. With Step 1, ðsiÞ ¼ ðsjÞ. Thus, si=sj.
Case 3 [ j<i^(Ij, Ii)gV]. Then, (Ij,Ii)a<QA

H

V . Thus, 0=bji=cij.

Case 4 [ j<i^(Ij,Ii)aV]. In this case, (Ij,Ii) belongs to <QAiV . Thus,

aji dji 	 bjicjiffiffiffiffiffi
ZV

p 	 1 ¼ 0;

with ZVw[aji+bji]
[cji+dji]
[aji+cji]
[bji+dji]. Since aji=aij, bji=cij, cji=bij, dji=dij, and ZV=Z,

we have
aijdij	bijcijffiffiffi

Z
p 	 1 ¼ 0: 5

A.7. Proofs in Section 11

Lemma 24. According to Lemma 17, it is the case that

CAðV;DtÞ ¼ 1	 2

mðm	 1Þ
X4

k¼1

fkðV;DtÞ;

with54 (Ztw[aij
t + bij

t ]
[cijt + dij
t ]
[aijt +cijt ]
[bijt + dij

t ])

f1ðV;DtÞw
X

ðIi;IjÞa<
QA

t
i

V

atijd
t
ij 	 btijc

t
ijffiffiffiffiffi

Zt
p 	 1

� �2

;

54Entities with (without) superscript t are interpreted under Dt (D). For instance, the entries in a 2�2 table are

denoted by aij
t , bij

t , cij
t , dij

t under Dt, and respectively aij, bij, cij, dij under D.
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f2ðV;DtÞw
X

ðIi;IjÞa<
QA

t
b

V

½ðnþ n0 þ n1Þctij�
2

Zt
;

f3ðV;DtÞw
X

ðIi;IjÞa<
QA

t
H

V

½ðnþ n0 þ n1Þbtij�
2

Zt
;

f4ðV;DtÞw
X

ðIi;IjÞa<QA
t
g

V

½atijdtij 	 btijc
t
ij�

2

Zt
;

whereupon

<QV
twfðIi; IjÞaQ� Q : i < j ^ rij exists under D

tg;
<Q

AtiV w <QV
t \ fðIi; IjÞaQ� Q : ðIi; IjÞaV ^ ðIj; IiÞaVg;

<Q
At
bV w <QV

t \ fðIi; IjÞaQ� Q : ðIi; IjÞaV ^ ðIj; IiÞgVg;
<Q

At
H

V w <QV
t \ fðIi; IjÞaQ� Q : ðIi; IjÞgV ^ ðIj; IiÞaVg;

<Q
At
gV w <QV

t \ fðIi; IjÞaQ� Q : ðIi; IjÞgV ^ ðIj; IiÞgVg:

If rij exists under D, then it exists under Dt. Thus (+, disjoint set-union):

<Q
AtiV ¼<QAiV þ di;

<Q
At
bV ¼<QAbV þ db;

<Q
At
H

V ¼<QA
H

V þ d
H
;

<Q
At
gV ¼<QAgV þ dg;

with (\, set-difference) dkw<QA
k
tV \<QAkV for all ka{i,b,H,g}. Then:

f1ðV;DtÞ ¼
X

ðIi;IjÞa<Q
AiV

atijd
t
ij 	 btijc

t
ijffiffiffiffiffi

Zt
p 	 1

� �2

þ
X

ðIi;IjÞadi

atijd
t
ij 	 btijc

t
ijffiffiffiffiffi

Zt
p 	 1

� �2

;

f2ðV;DtÞ ¼
X

ðIi;IjÞa<
QAbV

½ðnþ n0 þ n1Þctij�
2

Zt
þ

X
ðIi;IjÞadb

½ðnþ n0 þ n1Þctij�
2

Zt
;

f3ðV;DtÞ ¼
X

ðIi;IjÞa<
QAHV

½ðnþ n0 þ n1Þbtij�
2

Zt
þ

X
ðIi;IjÞad

H

½ðnþ n0 þ n1Þbtij�
2

Zt
;

f4ðV;DtÞ ¼
X

ðIi;IjÞa<Q
AgV

½atijdtij 	 btijc
t
ij�
2

Zt
þ

X
ðIi;IjÞadg

½atijdtij 	 btijc
t
ij�

2

Zt
:

For (Ii,Ij)aQ�Q, aij
t = aij + nl, dij

t = dij + n0, bij
t = bij, cij

t = cij. Thus:

Ztw½atij þ btij�½ctij þ dtij�½atij þ ctij�½btij þ dtij�
¼ ½ðaij þ bijÞ þ n1�½ðcij þ dijÞ þ n0�½ðaij þ cijÞ þ n1�½ðbij þ dijÞ þ n0�
]
¼ Z þ R;
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with (Note: R=R(n0,n1,D), and Rz0.)

R ¼ n0½ðaij þ bijÞðcij þ dijÞðaij þ cijÞ þ ðaij þ bijÞðaij þ cijÞðbij þ dijÞ�
þ n1½ðaij þ bijÞðcij þ dijÞðbij þ dijÞ þ ðcij þ dijÞðaij þ cijÞðbij þ dijÞ�
þ n0n1½ðaij þ bijÞðcij þ dijÞ þ ðaij þ bijÞðbij þ dijÞ þ ðcij þ dijÞðaij þ cijÞ
þ ðaij þ cijÞðbij þ dijÞ� þ n20n1½ðaij þ bijÞðaij þ cijÞ� þ n0n

2
1½ðcij þ dijÞðbij þ dijÞ�

þ n20½ðaij þ bijÞ þ ðaij þ cijÞ� þ n21½ðcij þ dijÞ þ ðbij þ dijÞ� þ n20n
2
1:

Consider first the term
X

ðIi;IjÞa<
QAiV

atijd
t
ij 	 btijc

t
ijffiffiffiffiffi

Zt
p 	 1

" #2

. It holds:

X
ðIi;IjÞa<

QAiV

atijd
t
ij 	 btijc

t
ijffiffiffiffiffi

Zt
p 	 1

� �2

¼
X

ðIi;IjÞa<
QAiV

ðaij þ n1Þðdij þ n0Þ 	 bijcijffiffiffiffiffiffiffiffiffiffiffiffi
Z þ R

p 	 1

� �2
]

¼
X

ðIi;IjÞa<
QAiV

�
aijdij 	 bijcijffiffiffi

Z
p 	 1

�2

þ F1;

whereupon F1=F1(n0,n1,D,V) is defined as

F1 ¼
X

ðIi;IjÞa<
QAiV

G1 2
aijdij 	 bijcijffiffiffi

Z
p 	 1

# $
þ G1

� �� �
;

with G1=G1(n0,n1,D),

G1 ¼ ½aijdij 	 bijcij�
1ffiffiffiffiffiffiffiffiffiffiffiffi

Z þ R
p 	 1ffiffiffi

Z
p

� �
þ n0n1 þ n0aij þ n1dijffiffiffiffiffiffiffiffiffiffiffiffi

Z þ R
p :

For the remaining terms, in analogy to the previous term (left to the reader):

X
ðIi;IjÞa<

QAbV

½ðnþ n0 þ n1Þctij�
2

Zt
¼

X
ðIi;IjÞa<

QAbV

½ncij�2

Z
þ F2;

X
ðIi;IjÞa<

QAHV

½ðnþ n0 þ n1Þbtij�
2

Zt
¼

X
ðIi;IjÞa<

QAHV

½nbij�2

Z
þ F3;

X
ðIi;IjÞa<

QAg
V

½atijdtij 	 btijc
t
ij�

2

Zt
¼

X
ðIi;IjÞa<

QAg
V

½aijdij 	 bijcij�2

Z
þ F4;
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with appropriate Fi=Fi(n0,n1,D,V) for 2ViV4. With these terms,

f1ðV;DtÞ ¼ f1ðV;DÞ þ F1 þ
X

ðIi;IjÞadi

atijd
t
ij 	 btijc

t
ijffiffiffiffiffi

Zt
p 	 1

� �2
2
4

3
5;

f2ðV;DtÞ ¼ f2ðV;DÞ þ F2 þ
X

ðIi;IjÞadb

½ðnþ n0 þ n1Þctij�
2

Zt

2
4

3
5;

f3ðV;DtÞ ¼ f3ðV;DÞ þ F3 þ
X

ðIi;IjÞad
H

½ðnþ n0 þ n1Þbtij�
2

Zt

2
4

3
5;

f4ðV;DtÞ ¼ f4ðV;DÞ þ F4 þ
X

ðIi;IjÞadg

½atijdtij 	 btijc
t
ij�
2

Zt

2
4

3
5:

Defining (Note: Fi*=Fi*(n0,n1,D,V) for all 1ViV4.)

F1
*wF1 þ

X
ðIi;IjÞadi

atijd
t
ij 	 btijc

t
ijffiffiffiffiffi

Zt
p 	 1

� �2

;

F2*wF2 þ
X

ðIi;IjÞadb

½ðnþ n0 þ n1Þctij�
2

Zt
;

F3*wF3 þ
X

ðIi;IjÞad
H

½ðnþ n0 þ n1Þbtij�
2

Zt
;

F4*wF4 þ
X

ðIi;IjÞadg

½atijdtij 	 btijc
t
ij�

2

Zt
;

we obtain functional relationships for the functions fi, 1ViV4:

fiðV;DtÞ ¼ fiðV;DÞ þ Fi*ðn0; n1;D;VÞ:

Finally, we have

CAðV;DtÞ ¼ 1	 2

mðm	 1Þ
X4

k¼1

fkðV;DtÞ

¼ 1	 2

mðm	 1Þ
X4

k¼1

fkðV;DÞ
" #

	 2

mðm	 1Þ
X4

k¼1

Fk*ðn0; n1;D;VÞ

¼ CAðV;DÞ 	 F*ðn0; n1;D;VÞ;

with F*ðn0; n1;D;VÞw 2
P4

Fk*ðn0; n1;D;VÞ: 5

mðm	1Þ k¼1
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Wesiak, G., Albert, D., Ünlü, A., 2004. How to generate and validate hypotheses on surmise relations between

tests. Exemplified for inductive reasoning tests. Manuscript, University of Graz, Graz, Austria/Europe.

Yule, G.U., Kendall, M.G., 1950. An Introduction to the Theory of Statistics. Charles Griffin, London.


	The Correlational Agreement Coefficient CA(,D)-a mathematical analysis of a descriptive goodness-of-fit measure
	Introduction
	Preliminaries
	A short review on ITA
	On the content of this work

	Basic concepts
	Theoretical correlation derived through idealization
	Comparing empirical and theoretical correlation: coincidence
	Contrary properties

	Comparing empirical and theoretical correlation: boundedness
	Informal illustration of (PDt+)
	Contrary properties

	Defining the coefficient CA(,D)
	(Artificial) convention
	Conception as a function

	Decomposing the coefficient CA(,D)
	Boundedness of CA(,D)
	Informal illustration of (PDt-)

	Consistency-maximum problem
	Maximum-consistency problem
	Contrary properties

	Functional relationship for equivalent data matrices
	Discussion
	Major misconceptions in CA(,D) publications
	Major results in this paper
	Consequences of the decomposition on screening of data and structure
	Properties of the functions fi
	Exploratory data and structure analysis
	One-model case
	Two-model case
	Preliminary considerations
	Actual elaborations

	First row 1
	Second row z.Lt;1
	Third and fourth rows z.Gt;1 and z.nasymp;1


	Final general remarks

	Acknowledgements
	Proofs
	Proofs in Section 4
	Proofs in Section 5
	Proofs in Section 7
	Proofs in Section 8
	Proofs in Section 9
	Proofs in Section 10
	Proofs in Section 11
	References




