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1. Introdu
tion

As Dillenbourg (1999) states that a de�nition for the term Computer Supported Collab-

orative Learning (CSCL) is very di�
ult to agree upon. He distinguishes between CSCL

in a wider sense denoting any type of 
ollaboration support and CSCL in a more narrow

sense denoting 
ollaboration support in problem solving (often based on 
onstru
tivist

learning theories). The work reported in this do
ument belongs to the former type of

CSCL, more 
on
rete to the 
lass of Computer Mediated Communi
ation (CMC) systems

(see, e. g. Veerman, Andriessen, and Kanselaar, 1999, or Ottmann and Tomek, 1998).

Current CMC systems in general simply o�er ele
troni
 opportunities for group 
om-

muni
ation in form of , e. g., newsgroups, e�mail 
onferen
ing systems, or 
hat systems.

Two approa
hes going beyond this pure te
hni
al support are the iDCLE system (intel-

ligent distributed 
ollaborative learning environment) developed by Inaba and Okamoto

(1995, 1997) and Hoppe's (1995)multiple student modeling. The spe
ial merits of Hoppe's

approa
h is the formal spe
i�
ation of the system. However, he fo
uses on 
ommuni
a-

tions in groups with a leader person (e. g. a tea
her or a leading peer). Inaba and

Okamoto investigate 
ommuni
ation in �real� peer groups but they la
k an underlying

formal model. Their 
on
ept of di�erent kinds of relations between pupils' utteran
es,

however, suggests using a relational model for the 
ommuni
ation. This is supported

by the fa
t that using a relational model has already proven to be very useful in the


onstru
tion of the adaptive hypermedia tutoring system RATH (Ho
kemeyer, Held, and

Albert, 1998; Albert and Ho
kemeyer, 1997).

In the sequel, the RATH system and the underlying theories are des
ribed. Afterwards

the models of Hoppe and of Inaba and Okamoto will be summarized. Chapter 2 then

develops a formal foundation for a CMC system integrating the new ideas of Hoppe as

well as of Inaba and Okamoto, and the 
on
epts developed for and applied in the RATH

system. Su
h a system would support CMC through modeling learners' knowledge and

relating it to prerequisite relationships between the single items of knowledge. Chapter 3

do
uments the implementation of the C-RATH prototype system realising the 
ore aspe
ts

of the model from Chapter 2. While the proramming is primarily oriented towards

easy prototyping and less towards e�
ient
y and performan
e, the ar
hite
ture and the

involved design of relational database tables is already oriented towards a �nal system.

Furthermore, this 
hapter in
ludes the installation and usage of the C-RATH system.

Sin
e the installation pro
edure has not 
hanged fundamentally, it is do
umented here

only brie�y. Finally, Chapter 4 gives an outlook to further developments of the system.

One aim of su
h further developments is to move forward from the prototype stage to

a professional system for �real� appli
ation. This in
ludes performan
e issues as well as

1



1. Introdu
tion

interfa
e design or startup assignments. The se
ond 
entral issue with respe
t to further

developments is the theoreti
al extension to in
lude more general prerequisite stru
tures

or models of unobservable skills underlying the observed learners' behaviour.

1.1. The Relational Adaptive Tutoring Hypertext System RATH

The Relational Adaptive Tutoring Hypertext System RATH was developed by Ho
kemeyer

(1997a; Ho
kemeyer et al. 1998) 
onne
ting the theory of knowledge spa
es (Doignon and

Falmagne, 1985, 1999; Albert, 1994; Albert and Lukas, 1999) with a relational, Dexter�

based hypertext model (Albert and Ho
kemeyer, 1997).

1.1.1. Ov erview of Kno wledge Space Theory

The theory of knowledge spa
es was originally developed by Doignon and Falmagne (1985,

1999) as a foundation for the adaptive, behaviourally oriented assessment of knowledge

within a 
ertain domain. Several extensions of this model have been developed, e. g.

dealing with non�observable skills underlying the observable answering behaviour (for

an overview, see Albert and Lukas, 1999), or with stru
tures between tests (Brandt, Al-

bert, and Ho
kemeyer, 1999). Sin
e several years, appli
ations of this approa
h have been

extended from the original assessment of knowledge to its training and tea
hing. Exam-

ples are the AdAsTra system (Dowling, Ho
kemeyer, and Ludwig, 1996), the ALEKS1

system (Doignon and Falmagne, 1999), and the RATH2 system (Ho
kemeyer, 1997a; Ho
k-

emeyer et al., 1998) whi
h was used as a basis for the software implementation in this

proje
t.

If Q is a set of items, the know le dge state of a student 
an be des
ribed as the subset

of items, this student masters. Due to prerequisite relationships between items, the set

of possible knowledge states, the know le dge sp ac e , is restri
ted to a subset of the power

set of Q. One way to represent su
h prerequisite relationships is the surmise r elation .

Two items x; y 2 Q are in prerequisite relation ( x v y) if, from a 
orre
t answer to item

y, we 
an surmise a 
orre
t answer to item x. Ea
h surmise relation des
ribes a unique

knowledge spa
e.

Surmise relations are assumed partial orders on Q. Therefore, they 
an be illustrated

through Hasse diagrams. Figure 1.1 shows su
h Hasse diagrams of a surmise relation

and the 
orresponding knowledge spa
e. Knowledge spa
es 
orresponding to a surmise

relation are 
losed under union and interse
tion, i. e. for any two knowledge states S; S 0 ,

their union ( S [ S 0

) and their interse
tion ( S \ S 0

) are also knowledge states. Su
h

knowledge spa
es are 
alled quasi�or dinal know le dge sp ac es. In a quasi�ordinal knowledge

spa
e, there exists, for ea
h item q 2 Q, a unique minimal knowledge state Cq 2 K


ontaining q. This state Cq is 
alled clause of q.

1
See http://www.aleks.
om .

2
See http://wundt.kfunigraz.a
.at/rath/ .
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1.1. The Relational Adaptive Tutoring Hypertext System RATH
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Figure 1.1.: Surmise relation (a) and knowledge states (b) for the problems in Q. (Items

are marked by 
ir
les and states are marked by squares)

Applying knowledge spa
e theory for tutoring, we obtain the 
on
ept of learning

paths (Falmagne, 1989, 1993) des
ribing students' possible ways from the 
omplete novi
e

(knowledge state ;) through the knowledge spa
e to the 
omplete expert (knowledge

state Q). We will 
ome ba
k to the 
on
ept of learning paths in Se
tion 1.1.3. If, for a

knowledge spa
e K, all steps within all learning paths involve a one-item-di�eren
e, the

knowledge spa
e K is 
alled well�graded.

A more general 
on
ept for representing prerequisite relationships has been spe
i�ed

through surmise systems (Doignon and Falmagne, 1985). Graphi
ally, they 
an be illus-

trated through and�or�graphs. Knowledge spa
es 
orresponding to surmise systems are


losed under union but not ne
essarily under interse
tion. In this 
ase, there may exist

several 
lauses, i. e. minimal knowledge states C
q

, for an item q. This approa
h has not

been applied in RATH , yet. The ALEKS and AdAsTra systems mentioned above apply

surmise systems instead of surmise relations.

1.1.2. A Relational, Dexter�based Hyp ertext Mo del

Based on hypertext models suggested by Tompa (1989) and by Halasz and S
hwartz

(1990, 1994), Albert and Ho
kemeyer (1997) have used a relational notation for formally

des
ribing hypertext stru
tures. Within this model, a hypertext H = (C;L) 
onsists of a

set C of 
omponents and a set L of links. A 
omponent 
 = (b; S
c

;D
c

) is built by a base


omponent b (i. e. the basi
 unit of information), a set S
c

of sour
e an
hors, and a set D
c

of destination an
hors. The sour
e an
hors s
c

2 S
c

and the destination an
hors d
c

2 D
c

are lo
ated on the base 
omponent. The sets of all sour
e an
hors and destination an
hors

are denoted by S and D, respe
tively. A link l 2 L with l = ((
; s
c

); (
0; d
c

0)) 
onne
ts

the sour
e an
hor s
c

lo
ated on the 
omponent 
 with the destination an
hor d
c

0 lo
ated

3
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u

v w

x

Figure 1.2.: Prerequisite links in a set of comp onen ts

on the comp onen t 
0
. W e also call l a link from 
 to 
0

. Based on this formalization of

a h yp ertext, w e in tro duce a binary relation ` � C � C for a h yp ertext H = ( C;L) b y


 ` 
0
if and only if there exists a link l = (( 
; s

c

) ; ( 
0; d
c

0
)) 2 L.

By distinguishing a subset P � S of source anc hors w e also obtain a distinct subset

LP � L b y de�ning LP

= fl = (( 
; s
c

) ; ( 
0; d
c

0
)) j s

c

2 Pg. Consequen tly , w e can de�ne a

binary prerequisite link relation `P

on the set C of comp onen ts b y applying the de�nition

of ` to the reduced set LP

of Links. This mec hanism can b e used to de�ne di�eren t link

types. One example for suc h link t yp es is the prerequisite link in a h yp ertext tutoring

system. Suc h a prerequisite link from 
 to 
0
w ould sp ecify that, for understanding the

con ten t of 
, a studen t m ust kno w the con ten t of 
0
. Figure 1.2 illustrates prerequisite

links within a set C = fu; v; w; xg of four comp onen ts.

1.1.3. Connecting kno wledge space and h yp ertext theory

Based on a prerequisite link relation as describ ed ab o v e, an adaptiv e h yp ertext tutoring

system should restrict the studen t's na vigational p ossibilities to those comp onen ts they

can understand with their existing kno wledge. This restriction of na vigation can b e

realized in the framew ork of kno wledge space theory as presen ted in Section 1.1.1.

If w e assume the studen t's kno wledge to comprise the comp onen ts presen ted to the

studen t so far, w e only ha v e to regard the subsets of comp onen ts they ha v e visited and/or

mastered (cf. Alb ert and Ho c k emey er, 1997).

Because of the restriction of the studen t's na vigation only some subsets of comp onen ts

can b e reac hed in this w a y . Figure 1.3 sho ws those subsets of comp onen ts whic h ma y ha v e

b een presen ted to a studen t if w e assume the prerequisite link structure from Fig. 1.2.

T aking in to accoun t this structure w e obtain that there is only a limited n um b er of

w a ys to get from the empt y set (or another starting p oin t) to the set of all comp onen ts

(or another learning goal. F or a Hyp ertext H = ( C;L) and a prerequisite link relation

4



1.1. The Relational A daptiv e T utoring Hyp ertext System RATH

{u,v,w,x}

{v,w,x}

{v,x} {w,x}

{x}{v}

Ø

Figure 1.3.: Stru
ture a

ording to the prerequisite relation above

`
P , a sequen
e X

0

; X

1

; : : : ; X n of subsets of 
omponents is 
alled a learning path if and

only if the following two 
onditions hold: (i) For any i = 0; 1; : : : ; n , for any c 2 X i,

and for any c

0 2 C , if c `
P

c

0 then c

0 2 X i. (ii) For any i = 1; 2; : : : ; n there exists a

c 2 C n X i�1

su
h that X u = X i�1

[ fc g. Figure 1.4 shows one possible learning path

from the empty set to the 
omplete set in the stru
ture from Figure 1.3. In this example

there exist three possible paths. This notion of a learning path also 
orresponds to that

from knowledge spa
e theory mentioned in Se
tion 1.1.1 above.

{u,v,w,x}

{v,w,x}

{v,x} {w,x}

{x}{v}

Ø

Figure 1.4.: One possible path through the stru
ture from Figure 1.3

5



1. In tro duction
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Figure 1.5.: RATH ar
hite
ture

1.1.4. Realisation of the RATH System

The relational notation of both, knowledge spa
e theory and the hypertext model strongly

supports the appli
ation of relational database theory and a 
orresponding � professional

and very e�
ient � relational database management system. As des
ribed by Albert,

Ho
kemeyer, and Held (1997), the formal 
on
epts from both models des
ribed in the

previos se
tions 
an be implemented as relational database tables in a straightforward

manner. This resulted in a system ar
hite
ture for RATH as depi
ted in Figure 1.5. The

entire 
ourse builds a hypermedia�based adaptive tutoring system (ATS). From this, an

ATS sub system may be pre�sele
ted, e. g. in 
ase the learners are required to a
quire

only a part of the 
ourse 
ontents. Both, the link stru
ture of this ATS sub system

as well as data on the learners' progress are stored in a relational database system. In

6



1.2. Computer�Mediated Communi
ation

the learning pro
ess, the learner requests new do
uments through the browser�HTTPD


onne
tion. The HTTPD (web server software) responds to su
h requests by sele
ting

and adapting (i. e. �ltering) do
uments with respe
t to the stored information on the

learner's knowledge.

1.2. Computer�Mediated Communi
ation

Numerous systems for 
omputer�mediated 
ommuni
ation (CMC) have been developed

whi
h, in general, restri
t themselves to providing te
hni
al support for syn
hronous

and/or asyn
hronous distant 
ommuni
ation. Two approa
hes going beyond this pure

te
hni
al aspe
ts are summarised below.

1.2.1. Multiple Studen t Mo deling

Hoppe (1995) developed a formalisation for des
ribing students' knowledge by means of

logi
al predi
ates. From a matemati
al viewpoint, these predi
ates 
an be regarded and

written as relations between the domain sets of the predi
ates' parameters. For example,

the predi
ate knows(s; t) des
ribing that a learner s knows a topi
 t 
an also be formalised

through a relation K � S � T where S and T are the sets of all learners s and topi
s t,

respe
tively, by simply de�ning the relation K through

(s; t) 2 K () knows(s; t):

By this reformalisation, the 
on
epts of Hoppe 
an easily be 
onne
ted to the relationally

formalised theories of knowledge spa
es and of hypertext stru
tures.

Based on this formalisation of a single learner's knowledge, Hoppe introdu
es formal

des
riptions for several aspe
ts of 
ollaborative learning. With respe
t to group problem

solving, e. g., he des
ribes a problem sele
tion 
riterion whi
h appraises a problem p as

adequate for a learning group fs
1

; s
2

; ldots; s
n

g if none of the group members s
i

; i =

1; : : : ; n is 
apable of solving the problem p alone but the the aggregated knowledge of

the whole group is su�
ient for �nding a solution.

A se
ond, important aspe
t of 
ollaborative learning whi
h is also in our proje
t's

fo
us is the mutual support between peers within a 
ourse. Hoppe suggests a rule that

a learner s
1


an help a learner s
2

on a topi
 t if (s
1

; t) 2 K and (s
2

; t) =2 K.

1.2.2. The In telligen t Distributed Collab orativ e Learning En vironmen t

iDCLE

The se
ond CMC approa
h looking promising for us was the Intel ligent Distribute d

Col lab or ative L e arning Envir onment (iDCLE) developed by Inaba and Okamoto (1995,

1997). They have developed dialogue models in
luding rules for assessing the state of

7



1. Introdu
tion

a dialogue or dis
ussion. In their system, learners have to spe
ify the fun
tion (or in-

tention) of their utteran
e (e. g. proposition, question, answer, agreement, disagreement,

explanation, or supplement) whi
h then is used for assessing the dis
ussion pro
ess. In-

aba and Okamoto have des
ribed four di�erent modes of 
ommuni
ation. For ea
h of

these modes, they have identi�ed the di�erent o

uring dialogue states and the possibile

state transitions depending on the utteran
e intentions spe
i�ed.

For our purpose, the most important 
on
ept 
urrently is the intention of an utteran
e

des
ribing the relation between the utteran
e and the referred do
ument whi
h may be

a 
ourse do
ument or simply another utteran
e.

8



2. Mo delling a Collab orativ e A daptiv e T utoring Hyp ertext

System

In developing a formal model as a basis for the C-RATH system, we have fo
used on two

aspe
ts: (i) integrating the 
on
ept of utteran
es into our relational hypertext model and

(ii) sele
ting adequate peers to be invited to join a dialogue.

2.1. In tegrating Utterances in to the Relational Hyp ertext and the

Prerequisite Structure

Integrating utteran
es into a relational hypertext 
ourse 
an be investigated with two

di�erent perspe
tives: the formal perspe
tive des
ribes the integration of the utteran
e


on
ept into the relational hypertext model while the edu
ational perspe
tive regards the

question under whi
h 
onditions learners' utteran
es 
ould or should be made available

to their peers.

2.1.1. F ormal P ersp ectiv e of the In tegration

Utteran
es made by learners with respe
t to 
ourse do
uments or to other utteran
es


an easily be integrated into the relational hypertext model des
ribed in Se
tion 1.1.2 by

regarding utteran
es themselves as do
uments.

Let us assume that our set D of destination an
hors 
ontains an an
hor ? su
h that

? 2 D
 for all 
omponents 
 2 C. Similarly let us assume a sour
e an
hor > su
h that

> 2 A
 for all 
 2 C. A new utteran
e u made with respe
t to a 
omponent 
 2 C 
an

be integrated into a hypertext H = (C;L) by inserting the utteran
e u into the set C

of 
omponents and inserting the referen
e link lu = ((u;>); (
;?)) into the link set L.

Furthermore, let us assume a prede�ned set I of utteran
e intentions. We 
an now de�ne

a subset Li � L for ea
h predi�ned intention i 2 I su
h that if an utteran
e u is made by

its author with the spe
i�ed intention i 2 I, the 
orresponding referen
e link lu is also

inserted into the subset Li of links.

Another topi
 in integrating new utteran
es into the hypertext link stru
ture �

espe
ially with respe
t to the RATH system � is the positioning into the prerequisite

stru
ture of 
omponents. In a �rst, automati
 step this 
ould be done extending the set

LP of prerequisite links by the set

LP

u
=
n
lu = ((u;>); (
; d
)) j 9


0
2 C : l
0 = ((
0; s
0 ); (
; d
)) 2 LP

o
: (2.1)
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2. Modelling a Collaborative Adaptive Tutoring Hypertext System

2.1.2. Edu
ational Perspe
tive of the Integration

In a �rst step, it is important to distinguish utteran
es from the original 
ourse materials.

This distin
tion must ne
essarily take pla
e on an administrative level, i. e. the base


omponent must also 
ontain information, e. g., on whether it is an utteran
e or a 
ourse

do
ument, and who is the author of the utteran
e. One may, however, also dis
us a

distin
tion in representation, e. g. by displaying the author's name when presenting an

utteran
e to the reader.

In a se
ond step, editing poli
ies have to be de
ided upon, e. g. whether the tutor or

the author may (re�) edit an utteran
e, or whether utteran
es are moderated a priori or

may be moderated a posteriori by the tutor.

Sin
e the proje
t reported here is primarily 
on
erned with the formal aspe
ts of

adaptive tutoring systems, the edu
ational perspe
tive has not been perse
uted in more

detail. This will be part of future resear
h and development.

2.2. Sele
ting Appropriate Peers

Hoppe (1995) has already re�ned the sele
tion of peers for a dialogue invitation by his


an_help predi
ate whi
h 
onsiders all peers as appropriate who know the topi
 taught in

the do
ument referred to by the utteran
e. In 
ase of distant learning systems, however,

this set of peers may grow very large. An even more important point to 
onsider is the

fa
t that advan
ed learners within a 
ourse would get a high amount of questions et
.

of whi
h many may seem to them being on a very basi
 level. This may well result in

boredom for these advan
e learners and, as a 
onsequen
e, in a relu
tan
e to answer to

questions at all. This issue also resembles a well�known experien
e from the USENET

where advan
ed readers of a newsgroup 
ease answering questions they may have seen

answered already dozens of time.

Our solution to this problem is a sele
tion of appropriate peers for forwarding them

questions (and other utteran
es) not only based on the question whether or not they

have the knowledge ne
essary but also based on the question how far they have already

advan
ed beyond the level of the do
ument referred to.

Let K be the knowledge spa
e on some 
ourse, and let L � K be the set of all

knowledge states 
urrently o

urring among the groups of learners within this 
ourse.

Furthermore, we de�ne a mapping � : K � Q � ! I N su
h that, for an item q 2 Q and a

knowledge state K 2 K , we obtain

� (K ; q ) =

(

1 for q =2 K

max fj K �K

0
j for q 2 K

0 and K

0
� K g for q 2 K

where � is the symmetri
 set di�eren
e (Doignon and Falmagne, 1999). Based on this,

we 
an de�ne a mapping P : Q � ! } (L ) whi
h assigns to ea
h item q in the domain of

knowledge the set P (q ) of most appropriate peer knowledge states for answering questions

10



2.2. Sele
ting Appropriate Peers

with resp ect to this item q if �most appropriate� is de�ned as �ha ving acquired the

kno wledge q probably most recen tly�. This is ac hiev ed b y de�ning P as

P(q) = fK 2 L j Æ(K; q) is minimal g: (2.2)

Remark: The ab o v e de�nitions of the function Æ and the set P of most appropriate p eer

kno wledge states are closely related to the neighbourhood and fringe concepts in tro duced

b y F almagne and Doignon (1988, see also Doignon 1994; Doignon and F almagne 1999)

and extended b y Ho c k emey er (1997b). In particular, w e obtain

Æ(K; q) = minf� j q 2 F i (K; �)g � 1 (2.3)

for all K 2 K and q 2 K , i. e. � = Æ(K; q) + 1 denotes the minimal v alue for � suc h that

q is an elemen t of the inner ��fringe of K . In terms of neigh b ourho o d, w e obtain

P(q) � N(�(q); Æ(K; q)) (2.4)

where �(q) denotes the set of all clauses C
q

of q , i. e. all p eers co v ered b y some kno wledge

state K 2 P(q) are in a kno wledge state whic h is a (q; Æ(K; q))�neigh b our of the kno wl-

edge state of someone, who has just learned item q . In case of w ell�graded kno wledge

spaces, this is equiv alen t to to K 2 P(q) denoting kno wledge states whic h, for a minimal

�, are (q; �)�neigh b ours of the kno wledge state of some learner who is ab out to learn q .
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3. Implementation

3.1. Ar
hite
ture

The ar
hite
ture of the new C-RATH system is strongly in�uen
ed by the well approved

RATH ar
hite
ture. Figure 3.1 depi
ts the RATH ar
hite
ture in a way whi
h is in 
ompar-

ison to Fig. 1.5 redu
ed to the 
omponents used �online�: The 
lient browser requests

through the WWW port do
uments from the HTTPD. Through its CGI interfa
e, the

HTTPD retrieves the requested do
uments and �lters them based on information ob-

tained from the Ora
le relational database. Finally, the �ltered do
uments are served

through the internet to the requesting 
lient to be presented in the browser window.

Moving on to the new C-RATH system whose ar
hite
ture is shown in Fig. 3.2, the most

important 
hange with respe
t to the 
onsequen
es towards the system's ar
hite
ture

is the need to inform learners syn
hronously about 
ertain in
oming utteran
es. This

in
ludes espe
ially the noti�
ation that a learner's utteran
e has been answered or the

information that a learner has been 
onsidered being most appropriate for rea
ting to

a peer's utteran
e. As a 
onsequen
e, we need a possibility for the server to start an

WWW
Browser

Client Browser 
Window CGI Interface

WWW
Server

System
Background

WWW Server
(HTTPD)

WWW
Port

Contents

User Data

ORACLE
RDBMS

Document Request

Document Service

I N T E R N E T

Figure 3.1.: Simpli�ed stru
ture of the RATH system
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3.1. Ar
hite
ture

Contents

User Data

Client
(Netscape)

Application
Server

System
Background

Content Frame 
(JAVAScript

Enriched)

Navigation Bar
(JAVA Applet)

 HTTPD

User
Management

Server

Cntrl
Port

Web
Port

ORACLE
RDBMS

CGI Programs

1. Start

2. Establishing a Connection

3. Loading
User Data4. Providing User Navigation Status

5.a) Content Request

5.b) Content
Directive

6.a) Content
Retrieval

7. Content Delivery

8. User Status Change

6.b) Filter
Information

Figure 3.3.: Starting the C-RATH appli
ation

intera
tion with the 
lient - a possibility whi
h is only very poorly supported by the HTTP

proto
ol. Planning the C-RATH system, this led to introdu
ing a se
ond 
ommuni
ation

tra
k.

On the 
lient side, we now have a dedi
ated navigation frame within the browser

window where the navigation bar is realised through a JAVA applet whi
h 
onne
ts with

a user management server through a prede�ned 
ontrol port. In 
ase of user a
tions

in one of the 
lient frames either the navigation applet issues a 
ontent dire
tive for

the 
ontent frame, or the 
ontent frame informs the navigation applet through in
luded

JavaS
ript routines about the learner's link sele
tions.

The �gures 3.3�3.7 show 
ertain aspe
ts of the 
lient server 
ommuni
ation in more

detail.

When the learner starts the C-RATH 
ourse (Fig. 3.3), the navigation applet is 
alled

�rst. It establishes a 
onne
tion to the user management server whi
h in turn retrieves the


orresponding user data from the database system. It provides the navigation applet with

information on the learner's navigation status stored from the last intera
tion. Based on

this, the navigation applet requests some 
ontent do
ument from the HTTPD and dire
ts

it to the 
ontent frame. The HTTPD retrieves �lter information and 
ontents through

CGI programs and delivers the �ltered 
ontent to the 
lient's 
ontent frame. Finally, the

HTTPD stores information on the user's status 
hange in the database system.
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3. Implementation

Contents

User Data

Client
(Netscape)

Application
Server

System
Background

Content Frame 
(JAVAScript

Enriched)

Navigation Bar
(JAVA Applet)

 HTTPD

User
Management

Server

Cntrl
Port

Web
Port

ORACLE
RDBMS

CGI Programs

1. Link
Request

2.b) Document Request

3. b) Filter
Information

3.a) Content
Retrieval

5. User Status Change

4. Content Delivery

2.a) Request
Information

Control
Message

6. Navigation Status Update

Figure 3.4.: Selecting a link in the con ten t frame

If the learner selects a link in the con ten t frame (see Fig. 3.4), its Ja v aScript routines

send a con trol message informing the na vigation applet ab out this request. F urthermore,

the request itself is sen t to the HTTPD whic h treats it the w a y already describ ed ab o v e.

Finally , the na vigation applet up dates the na vigation status stored in the database system

through its connection with the user managemen t serv er.

On the learner's selection of the �new utterance� button (see Fig. 3.5), the na vigation

bar launc hes an utteran
e editor frame after bac king up the user's curren t na vigation

status. When the user �nishes the editing pro cess, the utterance editor frame is closed,

and the utterance is stored through the HTTPD in the set of con ten ts and registered in

the database. Afterw ards, the user's na vigation status is restored as already describ ed

in the start case.

When a learner selects a do cumen t for whic h utterances are a v ailable or when s/he

is deemed as a most appropriate p eer for reacting on some other learner's utterance,

this is indicated in the na vigation frame based on its regular status up date (see b elo w).

If a user selects an utterance whic h is not link ed to the curren tly read do cumen t but

suggested to him/her as most appropriate p eer this is considered as a t yp e of in terrupt

(Fig. 3.6). Therefore, the na vigation applet again bac kups the curren t na vigation status

b efore requesting the resp ectiv e utterance do cumen t as describ ed in the start case. While

the learner is dealing with this utterance in terrupt, the na vigation applet pro vides an
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3.1. Arc hitecture

Contents
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System
Background
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Figure 3.5.: Creating a new utterance
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(JAVAScript

Enriched)

Navigation Bar
(JAVA Applet)

 HTTPD
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Management
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CGI Programs

1. Utterance
Selection 4. Content Request,

Delivery, and Directive
as in Client Start
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Figure 3.6.: Selecting an utterance
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3. Implementation

Contents
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Server

System
Background

Content Frame 
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Enriched)

Navigation Bar
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 HTTPD
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Server

Cntrl
Port

Web
Port
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Status Update

3. Utterance Status and
Navigation Bar Update

Figure 3.7.: Regular status up date

additional return button to allo w the learner to return to his/her regular learning pro cess

at an y time utilising the na vigation status bac kup made b efore.

Finally , the user managemen t serv er starts on a regular basis a na vigation status

up date (Fig. 3.7). In this pro cess, it requests the curren t status of a w aiting utterances

and informs the na vigation applet to initiate the na vigation bar's extension b y utterance

buttons if appropriate.

3.2. Database Relations

In this section, the ma jor database tables used in RATH (Ho c k emey er, 1997a, App endix

B) will b e brie�y rep eated b efore describing the c hanges for the new C-RATH system. In

man y of these tables columns Xid are used for unique n umerical iden ti�ers for X. F or an y

table con taining a certain column Xid, this column denotes the same t yp e of ob jects and

vice v ersa. F or example, the column sid (see b elo w) denotes the source anc hor iden ti�er

in all tables where it o ccurs and, vice v ersa, whenev er a table column denotes a source

anc hor, it is called sid.
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3.3. Installation and Usage

3.2.1. Database Relations Used in RATH

On the do
ument side, we start with a table do
(did, �lename, title). An
hors on these

do
uments are spe
i�ed through the tables sour
e(sid, did) and dest(aid, did, name), and

des
ribed in more detail through the tables sour
e_prop(sid, dir, sprop) and dest_prop(aid,

dir, dprop), respe
tively, where dir spe
i�es the dire
tion of the des
ribed property (this

part is in�uen
ed by the HTML language). Finally, the table link(lid, sid, aid) 
ontains

the links themselves.

The information on the learners, on the other side, are 
ontained in two tables

pupil(puid, a

ount, name) and performan
e(puid, did, when). Sin
e RATH does not in
lude

an assessment of the learner, a pupil's performan
e is de�ned by the set of do
uments

already visited. Note that, 
urrently, an exer
ise do
ument is regarded as visited after

it has been solved 
orre
tly. These exer
ise do
uments are identi�ed through an extra

table forms(did), i. e. a
tually through a list of the respe
tive do
ument identi�ers.

The values for ea
h of the Xid identi�
ation numbers are sele
ted through Ora
le's

se quenc es in order to ensure uniqueness.

3.2.2. New Database Relations Introdu
ed in C-RATH

A �rst extension of the database is the more detailed des
ription of the 
ourse do
uments.

A �rst part of it is the extension of the table do
(did, �lename, title, dtype, author, when).

Currently used dtype values are text, example, exer
ise, and utteran
e. By these dtype

entries, also the forms table from the RATH system has be
ome obsolete.

The major extension of the database design then is a new table utteran
e(did, rdid,

utype) whose entries denote that do
ument did is an utteran
e of type utype about the

do
ument rdid (the name of the rdid 
olumn is an ex
eption to the general prin
iple of

naming all do
ument identi�er 
olumns did indu
ed by the ne
essity of unique 
olumn

names within ea
h table.

Finally, a new table user_settings(puid, variable, value) has been introdu
ed. Cur-

rently, this table is only used for the navigation status ba
kups (see Se
tion 3.1). How-

ever, it has been designed to also in
lude possible future user preferen
e settings (see

Chapter 4.3 below).

3.3. Installation and Usage

The installation of the C-RATH system is basi
ally the same as in the RATH system � only

the word r ath has to be ex
hanged by C-RATH (in the proper 
ase) at several pla
es. Sin
e

the installation has been des
ribed in depth in the RATH manual (Ho
kemeyer, 1997a), it


an be omitted here.

With respe
t to the usage, a number of things have 
hanged for the 
ourse tutor as

well as for the learner. On the side of the 
ourse tutor (or administrator), a major 
hange
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3. Implementation

is the enrolement of new learners. In the original RATH system, ea
h new learner had to

be enroled by some administrator. Later on, a fa
ility for self�enroling was introdu
ed.

Based on our experien
es with this fa
ility, the enrolement by adminsitrator has now been

omitted 
ompletely. Sin
e the learner 
an also retrieve their learning progress themselves,

there is 
urrently no real need for the administrator user type; however, it will be kept

for future 
hanges whi
h are likely to need it again (see below, Chapter 4.2).

From the learner's side, the user interfa
e has 
hanged quite a lot � however primarily

on the opti
al side. The navigation bars have been retra
ted from the single do
uments

and have been put into the new, dedi
ated navigation frame (the navigation applet

des
ribed in Se
tion 3.1).

20



4. F urther Directions

In this 
hapter, a number of further dire
tions in resear
h and development of the C-RATH

system are named.

4.1. A Dedi
ated Server for Edu
ational Content Provision

A primarily prforman
e�oriented improvement is an ar
hite
tural 
hange of the 
ontent

serving 
omponent. Figure 4.1 shows a slightly 
hanged system stru
ture where the

HTTPD and its CGI interfa
e is repla
ed by a dedi
ated edu
ational c ontent server .

This 
ontent server has several advantages in 
omparison to the 
urrent solution. Cur-

rently, ea
h request laun
hes a �lter program through the CGI interfa
e whi
h in turn

builds up a 
onne
tion to the database server. Sin
e both sub pro
esses are very time


onsuming, usage of a dedi
ated Server with a steady 
onne
tion to the database system

is expe
ted to strongly a

elerate the do
ument serving. Furthermore, su
h a dedi
ated


ontent server 
ould also build a steady 
onne
tion to the user management server whi
h

I
N
T
E
R
N
E
T

Contents

User Data

Client
(Netscape)

Application
Server

System
Background

Content Frame
(JAVAScript

Enriched)

Content
Directives

Content
Request

Navigation Bar
(JAVA Applet)

Content
Server

User
Management

Server

Cntrl
Port

Data
Port

ORACLE
RDBMS

Figure 4.1.: Prerequisite links in a set of 
omponents
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4. F urther Directions

would simplify and a

elerate the user navigation and utteran
e status updates.

4.2. Mo derating Utterances

As already mentioned in Se
tion 2.1.2 above, a dialogue system like this introdu
ed with

C-RATH should provide � from an edu
ational perspe
tive � a me
hanism for modera-

tion, i. e. approval, 
orre
tion, or reje
tion of learners' utteran
e in order to prevent the

system's users from being mislead by peers' utteran
es.

4.3. Dev eloping a Produ
tion System

Finally, the C-RATH system shall be developed from its 
urrent prototype status to a �real

use� system whi
h would also in
lude 
ommer
ial marketing in order to gain some return

of investment. Su
h progress would in
lude, e. g. the support of di�erent, independent


ourses in one system, the � 
urrently omitted � 
ontrol of enrolment, the introdu
tion

of knowledge assessments as 
riterion for learner's performan
e instead of the downloaded

do
uments, and enhan
ements of the unser interfa
e like the progress report.
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A. Example Course Information

F or the demonstration of applicabilit y of the system conceptualised in Chapter 2 and

implemen ted according to Chapter 3, w e ha v e reused the tin y course on elemen tary

probabilit y theory already applied in the original RATH system whic h is base don the

w ork of Held (1993). Besides a few corrections, four ma jor c hanges ha v e b een made:

1. As already men tioned, the na vigation buttons ha v e b een mo v ed from the single

do cumen ts to a sp ecial na vigation frame. This c hanges the lo ok of the concrete

do cumen ts.

2. In order to supp ort di�eren t t yp es of learners (e. g. theory�orien ted vs. example�

orien ted), the examples do not an y longer ha v e their corresp onding lessons as pre-

requisites but they share the prerequisite with these corresp onging lessons. This is

supp orted b y theoretical de�nition and examples b eing parallel subsections of the

resp ectiv e topic section.

3. The exercises whic h ha v e the purp ose of test problems ev aluating the learner's

progress ha v e b een mo v ed from the separate section at the end of the course to b e

spread b et w een the lessons suc h that lessons and exercises could b e done in the

linear order as they are sp eci�ed in App endix B.

4. Finally , the prerequisite structure within the course has b een sligh tly corrected

where in the RATH system additional prerequisites had b een in tro duced falsely in the

pro cess of com bining the structures of teac hing con ten ts and of training problems.

Figure A.1 depicts this corrected structure.

The pro duction of the course itself w as p erformed the same w a y as it had b een done

in the RATH system: The lessons and exercises w ere written using L

A
T

E

X; afterw ards,

this text w as translated in to HTML using the L

A
T

E

X2 html

1
program, and the meta�

information needed for pro viding the adaptivit y (i. e. the prerequisite links) w ere added

man ually .

1
See http://www- dsed.llnl.gov/fil es/p rogra ms/un ix/l atex2 html .
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Figure A.1.: Revised stru
ture of tea
hing 
ontents and training problems
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B. Example Course Contents

The following text 
ontains the tea
hing material of the RATH prototype. This material

was 
omposed together with Gerhard Hermann using the results of prior resear
h by

Held (1993). In the hypertext version, ea
h se
tion 
onstitutes an own do
ument.

B.1. Elemen tary Ev en ts

Theoreti
al explanation

Experiments whi
h may have di�erent out
omes under the same 
onditions are 
alled

r andom exp eriments. Throwing a di
e, for example, may result in di�erent numbers

between one and six.

A random experiment may have a �nite number of possible out
omes !1;!2;: : : ; !n
(n 2 IN). The set 
 = f!1;!2; : : : ;!ng is 
alled the sp ac e of outc omes .

Example 1: Drawing balls from an urn

Condition: An urn 
ontains two balls, one is white and the other is green.

Random experiment: Drawing one ball.

Determine the number of out
omes.

Solution:

Possible Results:

!1 = �white ball�

!2 = �green ball�

Spa
e of out
omes:


 = f!1; !2g =) The number of out
omes is j
j = 2.

Example 2: Throwing a di
e

Condition: A di
e usually has six sides whi
h have one to six points.

Random experiment: Throwing the di
e and reading the number of points on its upper

side.

Determine the number of out
omes.

Solution:

!1 = �There is one point on the di
e's upper side.�
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B. Example Course Con ten ts

!2 = �There are two points on the di
e's upper side.�

!3 = �There are three points on the di
e's upper side.�

!4 = �There are four points on the di
e's upper side.�

!5 = �There are �ve points on the di
e's upper side.�

!6 = �There are six points on the di
e's upper side.�

Spa
e of out
omes:


 = f!1; !2; !3; !4; !5; !6g

=) The number of out
omes is j
j = 6.

Example 3: Taking a �oppy disk from a box

Condition: A box 
ontains three �oppies. One of them is defe
tive.

Random experiment: Taking one �oppy from the box.

Determine the number of out
omes.

Solution:

Possible Results:

!1 = �Inta
t �oppy�

!2 = �Defe
tive �oppy�

Spa
e of out
omes:


 = f!1; !2g =) The number of out
omes is j
j = 2.

B.2. Ev en ts

Let 
 be a spa
e of out
omes. Any subset A � 
 is 
alled event. The set of all events

is the set of all subsets (or the power set }(
)) of 
. It is 
alled event spa
e. Note that

the empty set ; and the spa
e of out
omes 
 are also subsets of the event spa
e 
 and,

therefore, events.

An event A has happened if the out
ome of the experiment is an element of A and,

vi
e versa, A has not happened if the out
ome is not an element of A.

Let 
 = f!1; !2; : : : ; !ng, n 2 IN, be a spa
e of out
omes. The events f!ig, i =

1; 2; : : : ; n, are 
alled elementary events of the event spa
e }(
). For a given event A 2

}(
), the elementary events f!ig that ful�l the 
ondition !i 2 A are 
alled 
onvenient

for A.

B.3. Determining the n um b er of con v enien t ev en ts

Theoreti
al explanation

Let 
 be a set of possible out
omes for a random experiment, and let A be an event

des
ribed by �the out
ome has the property ��. Then the event A 
ontains all those
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B.3. Determining the n um b er of con v enien t ev en ts

outcomes ! 2 
 that ful�l the sp eci�ed condition, i. e. that ha v e the prop ert y �.

Example 1: Dra wing balls from an urn

An urn con tains t w o green balls and t w o white balls.

A green ball is dra wn.

Determine the n um b er of con v enien t elemen tary ev en ts.

Solution:

Ev en t A: �A green ball is dra wn.�

Con v enien t elem tary ev en ts for the ev en t A are all green balls:

A = fgreen; greeng =) jAj = 1

The n um b er of con v enien t elemen tary ev en ts is 1.

Example 2: Thro wing a dice

A dice is thro wn.

On its upp er side, it sho ws an ev en n um b er of p oin ts.

Determine the n um b er of con v enien t elemen tary ev en ts.

Solution:

Ev en t A: �The n um b er of p oin ts on the upp er side is ev en.�

Con v enien t elemen tary ev en ts for the ev en t A are the ev en n um b ers b et w een one and six:

A = f2; 4; 6g =) jAj = 3

The n um b er of con v enien t elemen tary ev en ts is 3 .

Example 3: T aking a �opp y disk out of a b o x

In a b o x there are t w o �oppies. One is in tact, the other is defectiv e.

An in tact �opp y is tak en out of the b o x.

Determine the n um b er of con v enien t elem tary outcomes

Solution:

Ev en t A: �An in tact �opp y is tak en out of the b o x.�

Con v enien t elemen tary ev en ts for the ev en t A are all in tact �oppies:

A = fig =) jAj = 1

The n um b er of con v enien t elemen tary outcomes is 1 .
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B. Example Course Contents

B.4. Dra wing m ultiple balls with a common prop ert y

Theoreti
al explanation

Let 
 be a spa
e of out
omes with m elements with property  and n elements with

property � , and let the experiment be the drawing of k balls. For an event A = �all k

balls have the property  �, all elementary events 
onsisting of k balls with property  

are 
onvenient events, independent of the sequen
e of the k elements.

Example 1: Drawing balls from an urn

An urn 
ontains one white and three green balls. Two balls are drawn from the urn, ea
h

ball is immediately put ba
k into the urn (drawing with repla
ement). The drawn balls

have a di�erent 
olour. Determine the number of 
onvenient elementary events.

Solution:

We denote the possible out
omes of a single draw by �white� and �green�, respe
tively.

All pairs of di�erent balls are 
onvenient elementary events. Consequently, we obtain the

set

A = f(green ; white); (white; green)g

of 
onvenient elementary events. The number of 
onvenient elementary events is

jA j = 2 .

Example 2: Throwing a di
e

A di
e is thrown twi
e. Only the numbers 5 and 6 o

ur. Determine the number of


onvenient elementary events.

Solution:

Event A : �Only the numbers 5 and 6 o

ur. �

Convenient elementary events for the event A are the sequen
es (5; 5), (5; 6), (6; 5), (6; 6):

A = f(5; 5); (5; 6); (6; 5) ; (6; 6)g =) jA j = 4

The number of 
onvenient elementary events is 4.

B.5. Laplace�probabilities

Theoreti
al explanation

Theorem by Lapla
e: If 
 is a �nite set of elementary events with an equally distributed

probability then the probability P (A ) for an arbitrary event A � 
 
an be 
om-
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B.6. Exercise 1

puted as the ratio

P (A) =
jAj

j
j
=

Number of 
onvenient elementary events

Total number of elementary events

Random experiments whi
h ful�l both 
onditions

1. 
 is a �nite set of elementary events !: 
 = f!
1

; !
2

; : : : ; !
n

g with n < 1.

2. All n elementary events f!
1

g; f!
2

g; : : : ; f!
n

g are equally probably, i. e. P (f!
1

g) =

� � � = P (f!
n

g) = p.

are 
alled L aplac e exp eriments .

Example 1: Drawing balls from an urn

An urn 
ontains four balls in the 
olours white, red, blue, and green. One ball is drawn

from the urn. This ball is white. Compute the probability for this event.

Solution:

Possible elementary events are all four balls: 
 = fwhite; red;blue; greeng. The 
onve-

nient elementary event is the white ball: A = fwhiteg. As a result, we obtain

P (A) =
jAj

j
j
=

1

4
:

Example 2: Taking �oppy disks out of a box

A box 
ontains two �oppies. One is inta
t, the other is defe
tive. One �oppy is taken

out of the box, This �oppy is defe
tive. Compute the probability for this event.

Solution:

We have two possible elementary events: 
 = fi; dg, and we have one 
onvenient ele-

mentary event: A = fdg. As a result, we obtain

P (A) =
jAj

j
j
=

1

2
:

B.6. Exer
ise 1

An urn 
ontains �ve white and �ve bla
k balls. One ball is drawn from the urn. The

drawn ball is bla
k. Compute the probability of this event.

35



B. Example Course Contents

B.7. Events 
ontaining elementary events with di�erent properties

Theoreti
al explanation

Let 
 be a spa
e of out
omes 
ontaining m elements with property  and n elements with

property �. Let the event A 
ontain v (v < m) elements of property  and w (w < n)

elements with property �. All sequen
es of possible out
omes 
ontaining v elements of

property  and w elements of property � are 
onvenient elementary events.

Example 1: Drawing balls from an urn

An urn 
ontains one white and three green balls. Two balls are drawn with repla
ement

from the urn. Exa
tly one of the balls is green. Determine the number of 
onvenient

out
omes.

Solution:

Convenient elementary events are all pairs of balls 
ontaining exa
tly one green ball:

A = f (green ; white) ; (white ; green ) g = ) j Aj = 2 :

Consequently, the number of 
onvenient elementary events is 2.

Example 2: Taking �oppy disks out of a box

A box 
ontains four �oppy disks. Two of the �oppies are inta
t, the other two are

defe
tive. Two �oppies are taken out of the box with repla
ement. Exa
tly one �oppy is

inta
t. Determine the number of 
onvenient out
omes.

Solution: All elementary events 
ontaining exa
tly one inta
t �oppy are 
onvenient:

A = f (defectiv e ; in tact ) ; (in tact ; defectiv e ) g = ) j Aj = 2 :

Consequently, the number of 
onvenient elementary events is 2.

B.8. Addition of events and probabilities

Theoreti
al explanation

For two disjoint events A1; A2, we obtain

P ( A1 [ A2 ) = P ( A1 ) + P ( A2 ) :

The events A1; A2; : : : ; An � 
 are 
alled pairwise disjoint if any two di�erent events

Ai; AK (1 � i; k � n and i 6= k) are disjoint. For any sequen
e A1; A2; : : : ; An of pairwise

independent events, we obtain

P ( A1 [ A2 [ � � � [ An ) = P ( A1 ) + P ( A2 ) + � � � + P ( An ) :
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B.9. Multipli
ation of events and probabilities

Example: Dra wing balls from an urn

An urn 
ontains four balls of the 
olours white, red, green, and blue. One ball is drawn

from the urn. Compute the probability that this ball is red or blue.

Solution:

The spa
e of out
omes is 
 = fwhite; red; green;blueg. For ea
h of the balls the prob-

ability to be drawn is 1

j
 j
= 1

4

. Sin
e the out
omes `red' and `blue' ex
lude ea
h other,

the probability of drawing a red or a blue ball 
an be 
omputed as a sum:

P (fredg [ fblueg) = P (fredg) + P (fblueg) =
1

4
+

1

4
=

1

2

B.9. Multipli
ation of events and probabilities

Theoretical explanation

Two events A
1

and A
2

are (sto chastic al ly) indep endent if the probability that event A
1

happens does not depend on the o

urren
e of the event A
2

and vi
e versa.

For sto
hasti
ally independent events A
1

; A
2

the following multiplic ation rule 
an be

used to 
ompute the 
ombined probability:

P (A
1

\A
2

) = P (A
1

) � P (A
2

):

Example: Dra wing balls from an urn

An urn 
ontains three white balls and three green balls. Subsequently, two balls are

drawn from the urn and put ba
k. Compute the probability that both balls are green.

Solution:

We regard the event A =�both balls are green� as a sequen
e of two single events A
1

=�the

�rst ball is green� and A
2

=�the se
ond ball is green�. Sin
e the drawn ball is put ba
k

before the se
ond ball is drawn, these single events A
1

and A
2

are independent. Therefore,

the probability P (A) 
an be 
omputed as a produ
t of the probabilities P (A
1

) and P (A
2

).

For these single probabilities, we obtain P (A
1

) = P (A
2

) = 1

2

and, 
onsequently, for the


ombined probability, P (A) = P (A
1

) � P (A
2

) = 1

2

� 1

2

= 1

4

.

B.10. Exer
ise 2

An urn 
ontains �ve yellow and �ve bla
k balls. Two balls are drawn from the urn su
-


essively. Drawing is performed with repla
ement. The drawn balls are yellow. Compute

the probability of this event.
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B.11. Di�erent proportions of properties

Theoreti
al explanation

If an urn con tains balls of di�eren t colours in di�eren t prop ortions, the probabilit y of

dra wing a ball of a sp eci�c colour can b e computed as

P (Spe
i�
 
olour) =
Number of balls with �spe
i�
 
olour�

Total number of balls in the urn
:

Example: Drawing balls from an urn

An urn con tains three white balls and four green balls. One ball is dra wn from the urn.

Compute the probabilit y that the ball is green.

Solution:

Altogether, there are sev en balls in the urn. Consequen tly , w e obtain

P (green) =
# green

# balls
=

4

7
:

B.12. Exer
ise 3

An urn con tains ten white and six blac k balls. One ball is dra wn from the urn. The

dra wn ball is white. Compute the probabilit y of this ev en t.

B.13. Exer
ise 4

An urn con tains six blac k and four white balls. Three balls are dra wn from the urn

successiv ely . Dra wing is p erformed with replacemen t. Exactly t w o of the dra wn balls are

blac k. Compute the probabilit y of this ev en t.

B.14. Drawing without repla
ement

Theoreti
al explanation

So far, all dra wing exp erimen ts w ere p erformed with replacemen ts. If, in a sequence of

dra wings, balls already dra wn are not put bac k in to the urn b efore dra wing the next ball,

the n um b er of balls a v ailable in the next dra wing is reduced. The single dra wings can

then b e considered to b e sto c hastically indep enden t.

38



B.15. Exercise 5

Example: Drawing balls from an urn

In an urn there are three green balls and two white balls. Two balls are su

essively

drawn from the urn without repla
ement. Compute the probability that both balls are

green.

Solution:

There is one 
onvenient event: A = f(green; green)g. We split up the experiment and the


onvenient event into two separate experiments and events, respe
tively. The 
onvenient

events then have the form A1 = A2 = fgreeng.

In the �rst drawing, we have �ve balls in the urn. Three of them are green. We


ompute the probability of drawing a green ball as

P (A1) = P (green) =
3

5
:

Afterwards, we have two white balls and two green balls in the urn, i. e. four balls

altogether. For the se
ond drawing, we obtain

P (A2) = P (green) =
2

4
=

1

2
:

There is no further dependen
e between the two drawings than the alteration of the

numbers of balls. Sin
e this alteration has already been 
onsidered, we 
an regard the

two drawings as sto
hasti
ally independent and, therefore, use the multipli
ation rule:

P (A) = P (f(green; green)g) = P (A1) � P (A2) =
3

5
�
1

2
=

3

10
:

B.15. Exer
ise 5

An urn 
ontains �ve white and �ve bla
k balls. Two balls are drawn from the urn

su

essively. Drawing is performed without repla
ement. The drawn balls are bla
k.

Compute the probability of this event.

B.16. Generalized des
riptions of events

Theoreti
al explanation

If we have a random experiment whi
h is 
onstru
ted as a sequen
e of several single

experiments then we have to distinguish between events of the form �exa
tly k of the n

single out
omes have the property �� and events of the form �at least (or at most) k of

the n single out
omes have the property ��. In the latter form, we have to 
onsider the


ases of k; k + 1; : : : ; n (or 1; 2; : : : ; k, respe
tively) 
onvenient single out
omes.

39



B. Example Course Contents

Example: Drawing balls from an urn

An urn 
ontains two white balls and three green balls. Two balls are drawn with repla
e-

ment. Compute the probability of drawing at least one white ball.

Solution:

All events with at least one white ball are 
onvenient:

A = f (white; green)| {z }
A1

; (white; white)| {z }
A2

; (green ; white)| {z }
A3

g :

For the three partial events, we obtain the probabilities

P (A 1) =
2

5
�

3

5
=

6

25

P (A 2) =
2

5
�

2

5
=

4

25

P (A 3) =
3

5
�

2

5
=

6

25

Sin
e the three partial events are mutually ex
lusive, we 
an 
ompute the �nal probability

P (A ) as the sum of the three single probabilities:

P (A ) = P (A 1) + P (A 2) + P (A 3) =
6

25
+

4

25
+

6

25
=

16

25

B.17. Exer
ise 6

An urn 
ontains �ve bla
k and four white balls. Three balls are drawn from the urn

su

essively. Drawing is performed without repla
ement. At least two of the drawn balls

are white. Compute the probability of this event.
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