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The connection between the theory of knowledge spaces and formal models of
cognitive problem solving processes is examined. This connection gsiloies

for a model of the cognitive processes of subjects in solving lettezsedmple-

tion problems, which is based on ideas from Simon and Kotovsky (19633
model is formulated as an algorithm, depending on its ability to sefiterlseries
completion problems on two parameters. Different abilities of subjectslin

ing such problems can be represented within the model by different choices fo
these parameters. It is shown that the model determines surmise retatisets

of letter series completion problems. These surmise relations, resgdtie
corresponding quasi—ordinal knowledge spaces, are used in two expilimen
vestigations to test the underlying process model empirically. Théseduhese
experiments show that the surmise relations derived from the processl mre
able to predict the difficulty of letter series completion problems in isfsatory
manner.
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INTRODUCTION

The knowledge of a subject about a special knowledge domain is identified i
theory of knowledge spaces with his or her ability to solve problems fithis
domain. Such a formalization of human knowledge has the advantage toaallow
precise mathematical treatment of this concept, but totally neglects cagmitv
cesses or abilities on which the solution behavior of a subject is bakedefore,

the question arises if it is possible to extend the theory of knaydaspaces devel-
oped by Doignon and Falmagne (1985, 1998) in a way that allows the plésri

of such underlying cognitive solution processes.

In this chapter, we examine the connection between the theory of knowledge
spaces and process models of the cognitive problem solving procesgeftsub
We deal especially with the question of how knowledge structures, i.s. ofet
knowledge states, can be derived from process models.

A process model describes in detail the cognitive processes subjects use to
solve problems. So, it seems possible to derive the set of all aolptitterns
or knowledge states that are consistent with the assumptions abetibsqiro-
cesses contained in the process model. The set of knowledge states consistent
with a process model forms the knowledge structure correspondihgttanodel.

The investigation of the connection between knowledge structure andgso
model has two applications. First, formal models of the cognitiveler solving
process can be used to establish knowledge structures, which can serve as a basi
for an efficient assessment of knowledge (see for example Falmagne & Dgigno
1988). Second, process models can be tested empirically through a compariso
between the knowledge structures corresponding to them and observeddata p
terns. We concentrate in this chapter mainly on the second application.

We examine the connection between knowledge structure and process model
for a formal model of the cognitive problem solving processes ofesaibjin the
field of letter series completion problems (short Isc-problems). Thidgeh which
is especially able to describe interindividual differences in the abifisubjects
to solve such Isc-problems, is based on ideas from Simon and Kotol8&3).

A general approach to describe the connection between the theory of knowl-
edge spaces and process models can be found in Schrepp (1993).

LETTER SERIESCOMPLETION PROBLEMS

In Isc-problems the subjects task is to identify a regularity or il presented
sequence of letters of the alphabet and to use this rule to extend the sequen
Such Isc-problems are often used in intelligence tests (e.g., in Thiggtamary
mental abilities test) to measure the ability of inductive reasoning.

As an example for a Isc-problem, look at the sequendexcxdx What is the
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rule used to generate this sequence and how can we find a continuation?

First, we see that every letter at an even position in the sequencexs an
Second, the letter at the odd positipis the immediate successor in the alphabet
of the letter at positio — 2. The continuation in accordance to this rul@igx
and so on.

From a strong logical standpoint there exists no unique solditiosuch Isc-
problems. It is, for example, also possible to continue the lettareseze shown
above byaxbxcxdxand so on. This continuation is based on the rule "Repetition of
the letter blockaxbxcxdkand therefore also consistent with the given sequence.
But such a continuation is less obvious than the one described abovémés S
and Kotovsky (1963) pointed out, it is easy to find consensus abottdhesct”
continuation in the Isc-problems commonly used. This correct contoruitin
some sense simpler or more natural than other continuations.

To analyse the cognitive processes subjects use to detect regularitees in s
quences of letters a formal representation of such regularities mustrbel&ted.

Such a formal system to represent Isc-problems was introduced by Klahr and
Wallace (1970).

The letter sequences of the commonly used Isc-problems are a mixture of
simple sequences. In this simple sequences, every letter has a specifinrelatio
to his predecessor in the sequence. As an example, the letter segubrcrdx
consists of the simple sequenasdandxxxx Such a simple sequence can be
characterized by the relation that holds between two letters and the first tetter i
the sequence. Therefabcdcan be described by the relation “is next letter in the
alphabet” and the first letterandxxxxcan be described by the relation “is same
letter as” and the first lette¢. This description is, in the following, written by a
symbol for the relation followed by the first letter in brackets. So wigenV (a)

(IV for next) to describe the sequeradecdandS(x) (S for same) to describe the
sequencexxx

Torepresent a letter sequence it is sufficient to describe the simple seqiiences
consists of and the order in which letters from these simple sequence®asnch
This can be done by writing down the relation symbols of the sirsptguences
in the order of their occurrence in the letter sequence followed by thésfitsts
of the simple sequences in brackets in the same order. We can describe our exam
ple axbxcxdxby NS(ax). We call such a representation of a letter sequence the
pattern descriptiorof the sequence. This pattern description is, like the continua-
tion of the sequence, not unique. We call the number of relational syribtble
pattern description of a letter sequencetieeod of the sequence.

In this chapter we use also the three relations “is predecessor in the alpha-
bet” (symboliced byP), “is double—next letter in the alphabet” (symboliced by
D), and “is triple—next letter in the alphabet” (symbolicedByto describe let-
ter sequences. As an additional exampl® DT (ekad describes the sequence
ekadfjcggiej. . of letters.

Notice that these relations are defined cyclic concerning the alphabet. We
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have, for examplez Na, a Pz, y Da, andx T'a. We call a relational dependency
between two lettersyclic if these letters lie on different ends of the alphabet.
We mark a relation in the pattern description of a Isc-problem bkyfa cyclic
dependency must be recognized to continue the sequence correct and call such a
relation in the following acyclic relationin this pattern description. For exam-
ple, the letter sequendehdgcfbeads characterized by the pattern description
P*P(fi), because for the continuation of this sequence, the cyclic dependency
aPzmust be recognized.

In the next section we describe the cognitive processes subjects useato fi
pattern descriptionof a Isc-problem.

A MODEL FOR THE SOLUTION PROCESS

In this section, we describe a model of the cognitive processes on g colu-
tion behavior of subjects solving Isc-problems is based. To conghiscinodel
we use ideas from the work of Simon and Kotovsky (1963). These eutlssume
that subjects continue letter sequences by fixing a pattern descriptiontosu
guences. This pattern description is then used to determine the correctueonti
ation. The central process in solving Isc-problems is, therefore, th&traation
of a pattern description for a given letter sequence. Such a pattern descisptio
accordingly to Simon and Kotovsky (1963), constructed by recognizlagions
between specific letters in a letter sequence.

We start with a given letter sequenee. . . z,,. The process of constructing a
pattern description for this sequence consists of two subprocesses.

The first subprocess tries to find out the perjpdf the letter sequence
z1...x,. For this purpose, it searches for a simple subsequence .of z,,,
that means, for a sequenegx;, 42, - - -, in Which every letter has a specific
relation R to his predecessor in this subsequence. To detect such a subsequence
the process uses a number of comparisons between single lettgrs of,,. The
second subprocess uses the information about the period to detect athghe s
subsequences a given letter sequence consists of, i.e. the pattern desofiptio
that letter sequence.

The first subprocess starts with comparing jor= 1,2,3,...,k the let-
ter z; with z;4,. The constant denotes the largest natural number less than
n/2. If z1Rx;4, the process checks if also the dependengigs Rx2j41,
x2j+1Re3541,... holds. If this is the case, then,z;1, %2541, ... IS & Sim-
ple subsequence arjds the expected period of the letter sequence. If the first
subprocess has up to this point not found such a simple subsequeamepires

1 The idea to fix a special representation of regularities tiyitg letter sequences and to use this
representation to describe the cognitive processes adéatsigolving Isc-problems is due to Simon and
Kotovsky (1963). The representation they used is a littffedint from the one in Klahr and Wallace
(1970), which we described above.
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for j = 2,3,...,k the letterzy with ;4. If 22Rz; 4, holds for a relation R,
then the first subprocess checks jf o Rx2j42, 2242 Rx3j42, . . . also holds. If
this is the case, them,, x40, z2;42,. .. iS & simple subsequence ajdhe ex-
pected period of, .. ., x,. If the process has up to this point not found a simple
subsequence it starts the same comparison procesg,fand so on.

The second subprocess starts if the first one had successfully detectgdia sim
subsequence and perigd This second subprocess tries to find the additional
simple subsequences which are contained in the given letter sequence. This means
it searches for relationB,, . . ., R; with:

vz, Tjpi iz, iz, -

J?jRj.’L‘Qj , J?szngj 5 .rijja:4j g e -

If the second subprocess is able to find such relations,Bien. R;(z1 ... x;)
is a pattern description of the given letter sequence . z,,. If the second sub-
process fails in finding such relations, then the process continueshweitfirst
subprocess at the point this process is interrupted.

Up to now, we have only described the basic algorithm. This algarith
able to detect a pattern description for every letter sequence if it is abketallu
necessary relations in the first and respectively second subprocess. To model i
terindividual differences in the ability of subjects to solve Isc-feats, we have
to introduce restrictions about the relations the algorithm can useseTtestric-
tions are formulated by parametérsand\s.

In this chapter, we restrict ourselves to Isc-problems that can be descyibed b
using only the relation$, N, P, D, T in their pattern description. But a gener-
alization to Isc-problems that must be described by other relationsaiglstior-
ward.

Let \; be a 6_tup|df57fN7va.vafvaZ>a Wherefs;fN;vavafT are
elements off0,...,k} and f; is an element of0, 1}. We interpretfy for R €
{S,N,P,D,T} as the maximal number of letters in a letter sequence that can
lie betweenr; andx;, so thatr; Rz; could be detected by the first subprocess.
Therefore, arelatio® € {S, N, P, D,T} can be used in the first subprocess only
for comparisons:;; Rz; between single letters; andz; if fr > j —i — 1. The
value f; determines the ability of the first subprocess to detect a cyclic relational
dependency between two letterfz = 0 indicates that the first subprocess can
detect only noncyclical relational dependencigs= 1 indicates that there is no
such restriction.

For the relations used in the second subprocess, we made a similar assump
tion. Let A\, be a 6-tuple(ss, sy, sp, sp, s1,Sz), Wheress, sy, sp,sp, st
are elements of0,...,k} ands is a element of0,1}. We interpretsp for
R € {S,N, P,D,T} as the maximal number of letters in a letter sequence that
can lie between; andx; so thatz; Rz; could be detected by the second sub-
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process. As in the first subprocess, determines the ability to detect cyclic
relational dependencies.

We assume additionally thgt < sg, fnv < sn, fp < sp, fp < sp, fr <
st,andfz < sz. This assumption can be interpreted in the sense that the ability
to detect relations between letters increases in the second subprocess. Thls natu
assumption reflects the observation that Isc-problems are much easieredf sol
the period has already been detected because the knowledge about the period can
be used to search for relations that are, without this information, \ang/to find.

It is also very natural to assum@& > fy > fp > fp > fr andsg >
sy > sp > sp > sp. This assumption reflects the observation that the relations
themselves could be ordered in respect to the difficulty to detect them between
single letters. For examplgs > fny andss > sy means that it is easier to
detect the relatios' than to detect the relatiaN .

The ability of the described algorithm to construct pattern descripidiet-
ter sequences depends on the two parameteend \,. We demonstrate this
dependency by an example. Define:= (2,0,0,0,0,0), » := (2,2,0,0,0,0)
andoy,o2 == (2,1,0,0,0,0). For the choice\; = m, andA, = 7 the algo-
rithm is able to construct the pattern descriptiiN S (urt) of the letter sequence
urtustuttand fails in constructing the pattern descriptidvaV (ad) of the letter
sequenceadbecfdgei{becausefy = 0 indicates that the first subprocess can
not detect the relatio®V). For the choice\; = o; and\, = o, the converse
holds. The algorithm can construstN (ad) and fails in constructing N S (urt)
(becausesy = 1 indicates that the second subprocess is not able to detect the
relationz; Na; if j —i > 2).

We interpret the algorithm for each choice of the two parameterand A-
as a model for the cognitive processes of a specific subject in constrpatiegn
descriptions of letter sequences. So, a subject is in our model represerdaed by
tuple (A1, A2) of parameters. Our last two assumptions concerning the vgjues
andsg for R € {S,N, P,D,T, Z} restrict the possible parameter combinations
(A1, \2).

Formulations of this model and two similar models as productioresystcan
be found in Schrepp (1993).

A detailed description of the algorithm is given by the flow chart in Eig.

IMPLICATIONSON THE DIFFICULTY OF LETTER
SERIESCOMPLETION PROBLEMS

The algorithm introduced in the previous section together with osuraptions
concerning the possible parameter combinations can be used to deriveisesurm
relationC on a set of Isc-problemg. We use the surmise relatian and the
corresponding quasi-ordinal knowledge sp#gg in the next section for an em-
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FIG. 1. Flow chart of the algorithm for the construction ofaitprn description for a given letter sequence
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that the new value of the variables given by the old value of that variable plus one.
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pirical test of our approach to describe interindividual differences ofest®in
solving Isc-problems.

An additional assumption is needed to derive a surmise relation on@ set
of Isc-problems from our algorithm and our restrictions concerniegpibssible
parameter values. The algorithm describes only how subjects fix a pattern de-
scription of a given letter sequence and not how they use this patternpdiescr
to continue the sequence. We assume in the following that a subject agho h
successfully constructed a pattern description of a letter sequence is a<o abl
continue this sequence in accordance to that regularity without makiongserr
Therefore a Isc-problem should be solved correctly, if and only if eesponding
pattern description is found.

To construct a surmise relation on a set of Isc-problems we have tty¢lasi
dependency between the possible parameter values fand\, and the ability
of the algorithm to solve a Isc-problem.

Let z;...z, be a letter sequence with pattern description
Ry..Ry(z1...xy), R € {S,N,P,D,T,N* P* D*T*}, X\ =
<f5,fN,fp,fD,fT,fz> and A2 = <SS ,SN,SP,SD,ST,82>. The
algorithm is able to constructR;...R,(z;...z,) for R; €
{S,N,P,D,T,N*,P*,D*,T*} from the given sequence;...z,, if and
only if the following conditions are fulfilled:

a)Ji € {1,...,m} (fr, > m A (R; € {N*, P*,D*,T*} = fz = 1))
b)Vie {1,...,m} (sg, 2m A (R; € {N*,P*,D*,T*} = sz = 1)).

Condition a) corresponds to the fact that the first subprocess is alfiledt@
simple subsequence in ...z,. Condition b) corresponds to the ability of the
second subprocess to detect all other simple subsequences contained ietthe giv
letter sequence; . .. z,,.

Now, we can build up an order on the pattern descriptions of Isc-problems
that reflects our assumptions concerning the influence of the possilale@tr
combinations on the difficulty of Isc-problems.

Leto = (is,in,ip,ip,iT,iz) ande’ = (js,jn,jpP,jD,jr,jz) be 6-tuples
withis > iy >ip > ip > i1 , js > jN > jp > jp > jr €1{0,...,k}, and
iz,jz € {0,1}. We define a partial ordet on the set of such 6—tuples by :

aja'<:>z'5§j5/\z'1vSjN/\z'pgjp/\z'ngD/\ingT/\izng.

Assume a letter sequenge. .. z,,. Letoy(z; ... z,) be the smallest choice for
the parametek; with respect to<, so that the first subprocess of the algorithm
can find a simple subsequencezin. . . z,,. Letos(z1 . .. z,,) the smallest choice
for the parameteh, with respect to<, so that the second subprocess of the al-
gorithm can find all other simple subsequences contained in. z,,. It is clear
that such smallest choices (z,...,z,) andos(z; ...z,) concerning=< for
these parameters exist in every case. Note{@atz; ... z,),02(z1...2,)) IS
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a possible parameter combination accordingly to our assumptions cangérai
valuesfr andsg for R € {S, N, P, D, T}. As an example for the letter sequence
x1 :=axbxcxdxwve haver; (z1) = (1,0,0,0,0,0) andos(z1) = (1,1,0,0,0,0)
and for the letter sequeneg :=aobncmdive haver, (z2) = (1, 1,0, 0,0, 0) and
0'2(1172) = <]., ]., ]., 0, 0, 0>

Now we are able to order Isc-problems with respect to their difficultydfind
ing for letter sequences:= z; ...z, andy := y; ...y,, a relationC* through
the condition :

z By @ o1(x) 2o1(y) Aoa(z) 2 o2(y).

So for the two exampleg; and z, we havex; C* z» becauser(z1) =
(1,0,0,0, 0,0) =< o1(z2) = (1,1,0,0,0,0) andoy(z;) = (1,1,0,0,0,0) <
0'2(1172) :<1, ]., ]., 0, 0, 0>

The relatiorC_* is as a conjunction of two quasi—ordémso a quasi—order. It
reflects our assumptions concerning the dependency between possible parameter
combinations and the difficulty of Isc-problems.

Assumez C* y. The algorithm is for the choice¥, = o;(y) andl, =
o2(y) able to construct the pattern descriptionyoBut then the algorithm is also
able to construct the pattern descriptiorwo$inceo; (z) < o1 (y) andos(z) <
o2(y). Because\; = o1 (y) andAs = o»(y) are minimal with respect t& the
algorithm is for any choice of the parameters able to solifehe is able to solve
y. Thereforexr C* y for two Isc-problems: andy can be interpreted as “If the
algorithm is for a choice of values for; and )\, able to construct the pattern
description ofy then he is also able to construct the pattern descriptiari.of

A problem is that according t&* only the relations in the pattern descrip-
tion of a letter sequence influences the difficulty to construct a patterniplscr
of this sequence. As an example, look at the letter sequeatesedgndag-
bickdm Their pattern descriptions afé D(aa) and N D(ag) and therefore with
respect to the relations in these pattern descriptions identical. Theeetboe
cedgC* agbickdmand agbickdmC* aabccedg However intuitively it seems
much harder to continue the first sequence than the second. The reasorinis that
the first sequence a lot of relations between letters come in mind that andlsup
ous for the construction of the pattern description and therefore nwaytfasing.

For example, in this sequence the first two letters are identical and tddetier
is the alphabetical successor of the second letter.

Our algorithm is already able to reflect this intuitively expected differénce
difficulty between this examples, since he needs more processing steps-to co
struct a pattern description ahbccedghan to construct a pattern description of
agbickdm The reason is that the first subprocess detects in sohabgcedghe

2 Note that the generalization of the partial ordefrom the set of parameters to the set of letter
sequences gives only a quasi—order because different $eftpiences may correspond to the same
values foro; andos.
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relation.S between the first and the second letter. Therefore, it had to find out
that this relation does not hold between the second letter and the thidafber

this two steps can the correct dependefichetween the first and third letter be
detected. In contrast the algorithm detects no relation between first and second
letter of aghickdm The correct relationV between the first and the third letter
can, therefore, be detected directly. Thus, constructing the pattern descript

of aabccedgneeds more processing steps (look at the flow chart in Fig. 1) than
constructing the pattern descriptionagfbickdm

The algorithm is able to construct for any parameter combination either a pat
tern description for both problems or for none of them, but a diffenember of
processing steps is needed in both cases to do so. If we assume a modetonic
pendency between processing steps needed to construct a pattern description and
solution time the solution adlabccedghould take more time than the solution of
agbickdm In situations in which the solution time is restricted (as in theegik
ments we report in the next section) it is therefore consistent withmadel that
a solution ofagbickdmis given while no such solution efabccedgan be found.

So, we have to change* in a way that takes into account the number of steps
our algorithm needs for constructing the pattern descriptions of ketguences.

This is relatively simple because such differences in the necessary processing
steps can only result from detected relations between letters that are not in ac-
cordance with the pattern description. For example, in the sequaimzedg

the relationS is detected between the first two letters, but this relation is not in
accordance with the pattern descriptiviD (ag) of this sequence.

We define a surmise relation by z C y if and only if z C* y and for
constructing the pattern description ofat least as much processing steps are
necessary than for the construction of the pattern descriptigh dfor example,
we haveagbickdmC aabcceddutaabcceddZ agbickdm To find out ifz C y
holds or not we have for paits y of Isc-problems with: C* y only to count how
often the algorithm detects a relation that is not in accordance with théyfinal
constructed pattern descriptibn

EXPERIMENT I

To test our model empirically, a problem set containing 20 Isc-probleassoivo-
sen and the surmise relatian; based on the principles described in the last
section was constructed. We comparg and the corresponding quasi—ordinal
knowledge spackV, with the obtained data patterns of 51 subjects.

3 Note that this procedure for constructiigfrom C* can not yield intransitivities, because if we
havex C* y C* z andz [£ z we have alsa: IZ y ory [£ z. C is therefore transitive.

4 The length of the period of a pattern sequence influencestladssaumber of processing steps
needed by the algorithm to construct a pattern descriptitmvever, because C* y implies that the
period ofy is greater or equal to the period f we can neglect this influence.
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TABLE 1
Lsc—Problems Used in Experiment |.

problem letter pattern correct
number sequence description  continuation
1 cdcdcded SS(cd) cdc
2 gohpigjrks NN(go) [tm
3 tbaxtbaxtb ~ SSSS(thax) axt
4 fiehdgcfbe  P*P(fi) adz
5 abyabxabwab S'S P (aby) vab
6 adbecfdgeh NN(ad) fig
7 jkorklpsimgt NN NN (jkor) mnr
8 ehgjilknmp  DD(eh) orq
9 urtustuttu SNS(urt) utu
10 pvountmsir  PP(pv) kqj
11 eafgbhicikdl DN D(eaf) men
12 dhefcgdebfcd PP PP(dhef aeb
13 npaogapragsaN.N.S(npa) rta
14 axdcxfexhgxj DSD(axd) ixI
15 ekofkngkmhk NS P(eko) lik
16 jkillminnoip  DDSD(jkil) pai
17 fajiggkhglig ~ NSN(fgj) mjg
18 wrnfvgmeupld PP P P (wrnf) tok
19 dhcbfjedhlgf DD DD(dhch) jni
20 mrnorpgrrsrt - D.SD(mrn) urv

Method
Subjects

The experiment was conducted with 25 female and 26 male subjects. Their
ages ranged from 12 to 53 years. The average age was 26 years. For their partic-
ipation, the subjects were paid with 12,— DM. The subjects were recrioytech
announcement in the local newspaper and the institutes of the university

Problems

The problem set consists of 20 Isc-problems that are shown in Tableel. W
refer to this problem set in the following @3$;. Some of these problems were
constructed especially for the investigation; others were taken fromittra-|
ture concerning Isc-problems. In each problem, three letters has to beagiven
a continuation of the sequence by the subjects. Note that in Problenyclia c
relational dependency has to be detected to continue the sequence.
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Derived surmiserelation

In Fig. 2 the surmise relation ; on the problem se; is shown as a Hasse—
Diagram. The corresponding quasi-ordinal knowledge sp¥eg consists of 276
knowledge states.

Procedure

The investigation was conducted as a group experiment. The size ofja grou
varied between 3 and 11 subjects. First, a general instruction was handedtout t
explained the problem type “Isc-problems”. Then the subjects had te ddkc-
problems as exercises. After all subjects of a group had finished theseseserci
they were informed about the correct solutions.

Then, a second instruction was handed out that informed the subjectdladout
general experimental conditions. The subjects were instructed not td spae
than 2 minutes on each problem. They were able to control this time thezssel
on a watch in the room.

After all subjects had finished reading this second instruction the 20 Isc-
problems from Table 1 were handed out. Each problem was printed on a separate
sheet. The problems were ordered in increasing sequence of their numbarsin T
ble 1. The subjects were instructed to work on the problems in ex&dslyptder
and not to go back to problems already finished. As solution they hadite wr

FIG. 2. Hasse-Diagram of the derived surmise relafignon the problem se®) ;.
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TABLE 2
Frequency of Symmetric Distances Between Response Pattern
and Closest States of the Quasi-Ordinal Knowledge Spiige, Corresponding td;.

Distances Average
0 1 2 3 4 5 Distance

Frequencies 23 14 9 5 0 0 0.92

down three letters as a continuation behind the presented sequence. Detailed in
formations concerning the experimental procedure of Experiment | carube fo
in Schrepp (1993).

Results

The average solution frequency was 81 %. This high average solutiquency
results mainly from the fact that some problems (1, 2, 3, 5, 9, 10,3,115) were
solved by a large majority (more than 46) of subjects.

First we compare the observed response patterns with the knowledge sp
We, . Therefore we look at the symmetric distanédzetween response patterns
and the closest stafesf )W, shown in Table 2.

Notice that becaus®/, includes the whole problem st and{ the high-
est theoretically possible symmetric distance between a response patlean an
corresponding closest state ¥#; is 10. Because of the high average solution
frequency, the highest possible average symmetric distance of ammearkitowl-
edge structure containin@; to our data set is 3.8.

To get more information, about the deviations between our data antighe t
oretically derived surmise relatian;, we counted for each paidr, b of problems
from Q; with a C; b how often this assertion is violated empirically. A violation
of a C; b means thak is solved by a subject that fails in solviag Table 3 shows
for each paiw, b of Isc-problems withu C; b the number of such violations.

Discussion

Table 2 shows that the symmetric distances between observed responses patter
of subjects and the closest state3/af, are rather small. Note that 23 response

5 The symmetric distancé between two subset$ and B of Q is defined by
d(A,B) :=|AAB|=|(A\B)U(B\A) |

6 A closest state in a knowledge structure for an observed response pattdtris a knowledge
stateW of W with d(W, R) = min{(d(W’, R) | W’ € W}. Notice that for an observed response
pattern there are in general many closest states in a kngeviducture.
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TABLE 3
Violations of Relational Dependencies.
Thei—th Row and thg—th Column of the Table Contains an <ifZ; j.
If « Cr j the Number of Observed Violations of this Dependency is Show

12345678910 11 12 13 14 15 16 17 18 19 20
10000000000 00 O0OGOTUOTOTOOO
2(-0-2-301-4 31 - - - - - 40 -
3/--0---0----0+---0-00 -
Al- - -0 - - - - - e e oo oo
5/----0-----00-0-0--200
6|---4-023-- 40 - - - - - - 0 -
70- -« ---0-- - - 3 - - - - - - 3 -
8|- - ----=-0- - - - - - - - - -0 -
9(----2-2-0- 212222 2 212
0/- --1---1-0 -0 - - - = - -0 -
- = = = === - - = 0 - - -« = - - -0 -
]« B T T T
13- ---4-1---30023-22 -0 3
4/« = = - ----- -6 - -0 -6 - - 05
5/« - - -3-----20-102 -1 1 2
16« = = = = = = = =« -+ - - - -0 - - - -
7|- - - -6-4--- 6 1 55 -6 0 - 15
18- = = = - - - - - - -1 - - - - - 01 -
19/« = = = = - - - - - - - - - - . . -0 -
20[----------86- -6 -6 - -20

patterns (45 %) are statesdf-, whereas/V-,; contains only 276 (0.00026 %)
of the 22 possible response patterns.

This is a relatively satisfactory result because we have to consider inflsen
like, for example, lucky guesses, careless errors, fatigue or motivatiengtase
during the experimental procedure.

The number of violations of C; j in Table 3 is for all such pairs of prob-
lems less or equal to 6 (of 51 subjects). In conclusion, the assummidng
concerning the difficulty of Isc-problems seems to be in accordance wittathe

7 If we assume for example that the probability of both caseksors and lucky guesses is 0.05,
then the probability that the response pattern of a sulgeafjiial to his knowledge stateli®52° ~
0.35.
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EXPERIMENT 11

In our second experiment, a $@¢; containing 24 Isc-problems was chosen and
the surmise relatioi ;; on Q;; based on the principles derivated from the pro-
cess model was derived. We comparg and the corresponding quasi—ordinal
knowledge spacV,, with the observed data patterns of 53 subjects.

Method
Subjects

The experiment was conducted with 26 female and 27 male subjects. Their
ages ranged from 15 to 64 years. The average age was 26 years. For their par-
ticipation, the subjects were paid with 12,— DM. The subjects were tedrby
an announcement in the local newspaper and the institutes of the Unjiwafrsit
Heidelberg.

Problems

The problem sef);; consists of 24 Isc-problems which are shown in Table 4.
In each problem, the next four letters has to be given as a continuatidre of t
sequence by the subjects. In the problems 5, 20, 22, a cyclic relatigpethdency
has to be detected to continue the sequence.

Derived Surmise Relation

In Fig. 3, the surmise relatiof;; is depicted as a Hasse-Diagram. The
corresponding quasi—ordinal knowledge spade;, consists of 2942 knowledge
states.

Procedure

The investigation was conducted as a single case experiment that was com-
pletely controlled by a computer. The experimental program was develspeg u
MEL (see Schneider, 1990).

First, the subjects received some general informations about the prtyphem
“Isc-problems”. This information was followed by instructions abthg way
in which the problems would be presented on the screen and the usage of the
keyboard to type in the solutions. Then, five Isc-problems are predes an
exercise. This exercise should enable the subject to become familiarseith |
problems and to train the experimental procedure. Feedback about the correct
solution was given after each of the five exercise problems.

After a subject had finished the exercises, a second instruction was presented
on the screen. The subject was informed in this instruction that heeohath 3
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minutes time to solve each of the following 24 problems. The remgitiine for

a problem was shown in seconds on the screen counting from 180 dowrfto O.

a subject exceeded the maximal time, the problem presentation was terminated
automatically and the problem was counted as unsolved.

Then, the 24 problems from Table 4 were presented. The presentation of
a problem was terminated as soon as the subject typed in a continnuation (or
exceeded the time limit). The subject was able to start the presentatitve of
next problem by himself through pressing one of the function kéiss enabled
the subject to take small breaks between two problems. The order of problem
presentation was randomized for each subject. During this experimental phase,
no feedback about the correctness of the solutions was presented. For detailed
informations concerning this experiment see Schrepp (1993).

TABLE 4
Lsc—Problems Used in Experiment II.

problem letter pattern correct
number sequence description  continuation
1 bhibhibhibhi  SS5.S(bhi) bhib
2 blgcmrdnseot NN N(blq) fpug
3 lokojoiohogo  PS(lo) foeo
4 cmjeolggnisp DD D(cmj) kurm
5 apzpypxpwpvp P S(ap) uptp
6 wrnvgmupltok PP P(wrn) snjr
7 jkikjilihmhg  NPP(jkj) ngfo
8 dingogjrtmuw 77T (dIn) pxzs
9 ckofdlpgemgh NN N N (ckof) fori
10 difkhmjolgns D D(di) purw
11 jknllmnnnonp DDSD(jknl) pgnr
12 blcmdneofpgq NN (bl) hris
13 Ipdjnrflpthn DD D D(Ipdj) rvjp
14 eofngmhlikjj NP(eo) kilh
15 hhigjfkeldmc N P(hh) nboa
16 pvountmsirkq PP(pv) jpio
17 jexglexingxk  DDSD(jcxg) pixm
18 falxiboxlerx ~ T'NT'S(falx) odux
19 wrnfvgmeupld PP P P(wrnf) toke
20 ludknwdmpydo D D* S D(ludk) radq
21 emrflggkphjo NP P(emr) iinj
22 jfkeldmcnboa NP~ (jf) pzqy
23 lagcmdfengeg NT P D(lagc) ojdi
24 ekofkngkmhkl NSP(eko ikKj
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FIG. 3. Hasse-Diagram of the derived surmise relafign on the problem se®); ;.

TABLE 5
Frequency of Symmetric Distances Between Response Pattern
and Closest States of the Quasi-Ordinal Knowledge Spege,, Corresponding t&;; .

Distances Average
0 1 2 3 4 5 6 Distance

14 18 12 4 3 2 0 143

Results

The average solution frequency over all subjects and all problems was&9 i#6.
Experiment | this high average solution frequency results mainip the fact that
some of the problems were to easy for a large majority of subjects patiicg in

the experimental investigation. The problems 1, 2, 3, 5, 9, 12,9 &ete solved
by more than 46 subjects.

Table 5 shows the frequency of symmetric distances between the observed
response patterns and the closest states of the quasi—ordinal knosteige
Wc,,. Because&/V,, includes the whole problem sé;; and@, the highest
theoretically possible symmetric distance between an observed respotesa pat
and a corresponding closest staté/i; is 12. Because of the high average so-
lution frequency, the highest possible average symmetric distdrecearbitrary
knowledge structure includin@;; to our data set is 5.04.

The number of violations of assertions of the fosni;; b is for each such
pair a, b of problems from Table 4 listed in Table 6.
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TABLE 6
Violations of Relational Dependencies.
Thei—th Row and thg—th Column of The Table Contains an <ifZrr j.
If ¢ C;r j the Number of Observed Violations of This Dependency is Show

12345 6 780910 11 12 13 14 15 16 17 18 19 20 21 22 23 24
101-1-1111 - - - 1 - - - - - 1 -1 - 11

2/-0-0-1012 - - -1 - - - - - 2 - 2 - 2 -

3|--002100-00-002110100T10 1
4)- - -0 - - =5 - = - - 4 - - 4 4 o 4 o -

Bl- - = =0 - = - - - - - - - - - - - - - .3 - -

6(---3-0-2- - - - 3 - - - - - 3 - - - - -

70- - - - - o

8- - - - - o

9(- - - - - - --0- - -0 - - - = =1 - - -0 -

00- - -7 - - =6-0 - - 6 - - - - - - - - - - .

11)- - - - - o

2/-1-0-10010 - 00O0O0O0--0-100 -
13- - - - - T

4/- - -1-411-0 - - 1065 2 - -2 -150 -

15(- - - - - o

6/- - -5-9 -4-5 - - 3 - - 0 - - 4 - - - - -

17]- - - - - - - - - -6 -6 - - -0 - - - - - 8 -

18(- - - - - e

9[- - - - - 2 ¢ N

20(- - - - - C e e - - ... .. o0 - - e

21/|- - -6-1036- - - - 4 - - - - - 9 - 0 - 4 -

22|- - - - - - e e - - - - . . . . . -0 - -

23|- - - - - - e e - - - - . . . . . - - - - -0 -

24|- - -3-522- -0 -2 - - -35431-10
Discussion

As Table 5 shows, the symmetric distances between observed responsespatter
and the closest states ¥¥-,, are, in almost all cases, rather small. 14 of the
observed response patterns (26 %) are stat@®of while A -,, contains only
2942 (0.00017 %) of the?* possible response patterns.

The observed average distance between response patterns and closest states
in Experiment 1l is higher than in Experiment |. This is not a sumgfigr two
reasons. FirstV.,, is smaller thanV-, in the sense that it contains a smaller
percentage of the possible response patterns (0.00017 % compare®Q28.0
%) and therefore we expect a higher average distance. Second, the influence of
lucky guesses, careless errors, fatigue, or motivational decrease on thiegesul
distances will clearly increase with the number of problems presented. Because
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we have presented more problems in Experiment Il than in Experimehtiof®-
pared to 20), a higher average distance should be observed in Expeifiment |

The observed number of violations of relational dependencies is, as Table 6
shows, with a few exceptiond{ C 4,16 C 6,21 C 6,21 C 19,17 C 23)
rather small (less than 7 of 53 subjects). The assumptions about ticalgifof
Isc-problems contained in;; seems to be in accordance with the data.

GENERAL DISCUSSION

We examined the connection between knowledge structures and models of the
cognitive problem solving process for the example of a model for itiwgrpro-
cesses in letter series completion. We demonstrated how knowledge ssyatur
our special case quasi-ordinal knowledge spaces corresponding to stefaise
tions, can be derived from this process model and how these derived kigewled
structures can be used for an empirical test of the model.

In the derivation of the surmise relatian from our process model we can
distinguish two steps. First, we derived a quasi—orfdérfrom the model us-
ing only the information concerning the relations in the pattern detsons of
Isc-problems. This first step can be completely characterized as a special skill
assignment (see Doignon, 1994). For the construction of a knowlstigcture
by a skill assignment a set of cognitive skills that are importarfiénunderlying
knowledge domain is fixed. The skills are then used to derive the sdtpissi-
ble knowledge states of subjects by postulating a connection betweernilitye ab
to solve problems from the knowledge domain and the mastery of thiise &
our special case, the set of skills is given by the set of all possible paaimples
(A1, \2) and the connection between skills and the ability to solve Isc-problems
is given by the conditions a) and b). In a second step, we used detailed info
mation about the processing steps of the algorithm to construct #ilestirmise
relationC from C*. The detailed description of the solution process contained in
the process model is not used until this second step.

In the following, we discuss if the reported experimental investgatsup-
port the described model for cognitive processes in letter series conmplétio
both experiments, the symmetric distances between the observed reppbnse
terns and the corresponding closest states in the quasi—ordinal kigevepdces
derived from the process model were rather small. These observed symmetric
distances can be explained by influences like lucky guesses, careless errors or
motivational decrease during the experimental procedure.

An additional analysis of the predicted relational dependencies between Isc-
problems shows that they are violated empirically only in a small nuwfzzses,
with a few exceptions in Experiment Il. The assumptions about tfiewdty of
Isc-problems contained in the surmise relations derived from the mocedel
seems to be in good accordance with the data observed in the two experiments
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even if we take into account the high average solution frequency in &xgpei-
ments.

But, we have to mention also that the surmise relatibpgndC;; seems to
be not complete, that means there seems to be more relational dependencies be-
tween Isc-problems than predicted by these surmise relations. Thessueta-
tionsC on sets of Isc-problems derived from our process model depends strongly
on the assumptions about the possible parameter tuples describadiphgw\Ve
have formulated in this section only those restrictions that seem t@tyenat-
ural in respect to our interpretation of these parameters. Additionaictests
concerning the possible parameter combinations will lead to stricteriseine:
lation C’. Such a surmise relation’ will contain C but will in general predict
additional relational dependencies between Isc-problems.

If we add, for example, the assumption that for the ability of the &red
second subprocess of the algorithm to detect the rel&tiostween two letters;
andz; the number of letters betwean and«x; plays no role (formalfs, ss €
{0, k}) the surmise relationg; andC;, derived from the model will become
much stricter.

The surmise relatiof, contains under this additional assumption the ad-
ditional dependencie3 Q'I 1,2,4,5,6,8,9,10,11,13,14,15,17,20. None of
these new relational dependencies is violated empirically in Experimentl. Th
surmise relatior ;; contains under this additional assumption, the additional re-
lational dependencie!sg'H 3,5,10,12,14,15,16,22. These new relational de-
pendencies are violated empirically at most once in Experiment Il. The adaberv
symmetric distances a4 - andWW- to the data patterns in our experiments are
identical with the observed symmetnc distance$\af, andVc,, to these data
patterns, whereag/— contains only 216 knowledge states an@ contains

2919 knowledge states. So, the additional restricfiorss € {0, k} seems to be
well suited by the data and improves the predictions of the model congetiné
difficulty of Isc-problems.

Our considerations lead to the following two observations. Fingt,noodel
predicts not all relational dependencies that seem to be immanent in our data sets
As we have seen this may result from the fact that we have not formuladedien
restrictions on the possible parameter combinations. Second, an amdlisss
experimental data can be used to search for additional restrictions otlpossi
parameter combinations. Such additional restrictions can be incorporatesl in
model and can improve the models predictions concerning the difficullgcef
problems. We have not enforced such an analysis in detail for our two elsta s
because the high average solution frequency in our two experimeitatesithat
many of the presented Isc-problems are too easy for a large majority jetstib
participating in these experiments. Therefore, an eventually exisifiiegathce in
the difficulty of two Isc-problems may not be observable in our dat set
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