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An approach to construct surmise relations or quasi—ordinal knowlspigees
through ordering principles is described. The ordering principlesyappthe
components of problems, which are considered as the basic units ofddgsvl
necessary to solve the problems properly. We describe the three grgerini-
ples “set inclusion”, “multiset inclusion” and “sequence inclusion” and ariapp
cation of these principles to the construction of surmise relatiorsetsof chess
problems. The basic units for the construction of surmise relatioohess are the
tactical elements of the game—the “motives”. In terms of problem solvimggeth
motives can be regarded as subgoals in the process of problem solvingniFh
pirical validity of the described ordering principles is tested in twpezkmental
investigations. The results show that the two principles “multiseiusion” and
“sequence inclusion” predict the difficulty of chess problems rather wekireas
the principle “set inclusion” is clearly insufficient in this field. Theperimental
investigations also demonstrate the suitability of the theory oftedge spaces
for testing psychological theories.
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INTRODUCTION

A crucial problem in the theory of knowledge spaces is how to establisbwlkn

edge space on an item set. This may be done in several ways. First, theze is t
possibility of querying experts. Questioning procedures have beeglaped by
Dowling (1991, 1993), Koppen and Doignon (1990), and Koppen IL99n-

other approach is to analyze response patterns as proposed by Airasian and Bart
(1973), Bart and Krus (1973), and Van Leeuwe (1974). A third approabb—t

one used in our investigations—is to infer the knowledge space fral@ring
principles or skill assignments, which apply to the components optbblems.

This approach is also described in Albert and Held (1994), Albert, Schasyb,

Held (1994), Doignon (1994), Held (1993), and Korossy (1993).

The ordering principleset inclusionmultiset inclusionandsequence inclu-
sion, which are described in the following section in detail, enable us to rarist
surmise relations on problem sets, that is they always lead to quasabtdowl-
edge spaces. We apply these principles in order to construct surmisengiati
the domain of chess.

Chess involves one of the most complex and demanding knowledge domain
Both the game of chess itself and also the construction of problems that w
serve to assess knowledge concerning the tactical elements of chess require much
knowledge and experience and—as we show here—some special principles.

What types of problems might prove suitable for assessing a playerslk
edge of chess? For which types of problems within the large domain o$ ches
playing is experimental exploration feasible? Because chess is so veryesompl
we restrict considerations to problems with unique solutions. ditiad, we need
to be able to specify the particular knowledge of chess, that is neededé¢cesah
problem.

Tactical chess problems fulfill these requirements. Two typical problems of
this kind are shown in Fig. 1. In both positions White moves,fasd the prob-
lem is to find the best moves for White. The solution of problem (a).istd5+
cxd5; 2. Bg3 Qxg3 stalemate. The solution of problem (b) is: 1. Bf44Qx
2. Ktd5+ K™; 3. Ktxf4 draw.

Solving such problems requires knowledge of tactical elements, that are called
“motives” in chess terminology. We try to use such motives for a classifin of
the problems’ difficulty with respect to the other elements of the gotdet. The
motives considered in our investigations are “fork”, “guidance”, “eliminatjo
“clearing”, “promotion” and “stalemate”. Definitions of these motives are given
in Table 1.

We now provide an example of how a chess problem can be coded as a se-
guence of motives. The goal of White in problem (a) is to achieve a dsaw b
forcing stalemate. To achieve this, White must eliminate the Knight3rThe
move 1. Ktd5+ forces the elimination (cxd5) of the Knight. The ma@vég3
forces the black Queen to the disadvantageous square g3 by Qxg3, and reaches
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FIG. 1. Two examples for tactical chess problems.

TABLE 1
Description of Motives

Motive Name Description

F Fork One piece simultaneously attacks two opposing pietes
higher value.

G Guidance An opposing piece is forced to a disadvantagepise.

E Elimination The elimination of an own piece is forced, gtg.achieve a
stalemate.

C Clearing An important line or square is left, e.g., to achia stale-
mate.

T Promotion A pawn has to be promoted to the most suitablespieg
moving to the 8th line.

S Stalemate A stalemate has to be anticipated and has aithergro-

voked or avoided.

a draw by stalemate. Hence, the three motives “elimination”, “guidance” and
“stalemate” are contained in problem (a) in this sequence. The goal in problem
(b) is (by winning the black Queen) to reach a draw. The move 1. Bf4 fahges
black Queen to the disadvantageous square f4 (Qxf4) and the ‘fork’ 8:Htths
the black Queen. Therefore, the motives “guidance” and “fork” are contained in
problem (b) in this sequence.

As can be seen from these examples, the same move Ktd5+ in nearly iden-
tical positions is related to different motives. In problem (a) it is bazedhe
motive “elimination”, in problem (b) on the motive “fork”. Hence, maw are
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mainly considered as “standard ideas” or “subgoals in the problem solving p
cess”. Note that we only use motives that occur as subgoals in the sqblio.

For example in problem (a) of Fig. 1, the move 2. Bg3 is not basedemtitive
“pin” (preventing an opposing piece from moving), because “guidance”, ahd n
“pin” is a subgoal for reaching the terminal goal “stalemate”. That is because, in
this case, the Queen is not prevented from moving, but forced to mov to g

From our point of view, knowledge or recognition of a motive medna &
motive has been learned before and can be detected within a solution process.
Recognizing the motives of a problem results in a solution plan. ©heisn
process for these types of problems is therefore determined mainly bitinie-
nation and sequence of motives within a problem.

Motives are surely elements of the knowledge a person must posses®if sh
he is to be capable of solving the problems used in our investigatRutsthere
are probably other factors involved in a chess problem that also have @enod
on the solution process. These factors are not the subject of ourigatest;
considerations regarding these factors can be found in the general disdoss
low.

We next introduce the theoretical principles underlying our invatitgs. We
show how surmise relations may be established on sets of componentbased
problems. These surmise relations are inferred from psychologicahatisms
which are described below. These relations, the corresponding setswlf- kno
edge states, constitute the hypotheses of our empirical investigafibagest of
a hypothesis will therefore consist mainly of comparing the set ofrétmally
inferred knowledge states with the response patterns observed in amexputer

THEORY

In this section, we describe three princiglésr the component based establish-
ment of surmise relations on sets of chess problems. These principleasae
on the idea that the difficulty of a chess problem depends mainly on tiieasro
that a subject must recognize in order to find the correct solution ofrtitdem.

Assume a finite set/ of motives. We define thproblem spacé’(M) as the
set of all chess problems that could be characterized by the motivés in

Principle 1 (set inclusion)

For a chess problemlet F'(p) be the set of motives that a subject must recognize
in order to find a correct solution fgr. Assume that the difficulty of a chess
problemp depends only oi#’(p), all other factors are taken to be constant for all

1 These principles are also reported in Albert, Schrepp arld B©94). Principle 1 is also dis-
cussed in Albert and Held (1994).
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problems under investigation. To establish a surmise relatioR(dd ), we can
therefore identify a problem € P(Af) with the set of motived'(p) C M. The
relation=; is defined for all problemg, ¢ € P(M) by the following condition,

p =1 q:% F(p) C F(g).

This means that if a person is able to solve probietmen she or he is also able
to solve any problem that can be solved with the knowledge of a subset @j).
From set theory it is clear that, is a quasi—ordérand hence a surmise relation.

It is clear from chess experience that some motives are easier to recognize
than others. Therefore, the motives themselves can be ordered with respect to
their difficulty. We assume that the differences in the difficulty of wex can be
described by a quasi-order,, on M. For motivesn;, m; € M the interpreta-
tion of m; Ty m; is “every person who is able to recognizg is also able to
recognizen;”.

Because we want to consider also such differences in the difficulty to recog-
nize motives, we have to generalize the set inclusion principle withertdo the
relationCy, on M. We define a relatior for all p,q € P(M) by,

p =1 q:e F(p) C' F(g),

where the relatior’ is for two subsetd'(p), F'(¢) of M characterized through
the following definition.

DEFINITION 3.1 Let{m1,...,mg},{m},...,m;} C M. Then{m,,...,
mi} C' {m}, ...,m;}, if and only if there exists an injectiVemappingf :
{1,...,k} = {1,..., [} withm; Ty, m’f(i) foralli € {1,...,k}. |

The reflexivity of C’ is obvious (chos¢g as identity). The transitivity off’
follows because of the transitivity @f 5, and the fact that the convolution of two
injective mappings is also injective. Hencéis a quasi—order on the power set of
M. C' depends strongly on the relatiah,, on M. This dependency is illustrated
by the following example.

ExamMpPLE 3.1 LetM := {a,b,c}. Fig. 2 shows the resulting quasi—order
C’' on the power set al/ for two different assumptions concernifg,. In one
a Cp b Ty cis assumed (all edges), in the other this assumption is dropped
(solid edges only). m|

Note that for the special case; Ty m; < i = j the relationsC andC’, and
therefore also the surmise relatiofs and=</, are identical. In general, we have
p 21 q=p =3} q,1.e. <y isincluded inx].

2 <1 is not antisymmetric, i.e. not a partial order, since déférproblems may be represented by
the same motive set.

3 Amappingf : {1,...,k} — {1,...,1} is called injective if it fulfills the condition # j =
(i) # f()foralli,j € {1,...,k}.
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{a,b,c}

{b,c}

{c} {a,b}

R

{a}

FIG. 2. Surmise relation o (M), according to “Principle 1” (set inclusion). Solid edgedizate the
resulting quasi-orde€’, if it is assumed that Car y < @ = y, withz,y € {a, b, c}. Dotted edges
indicate the additional pairs, if it is assumed tha- s b Cas c.

Principle 2 (multiset inclusion)

Within Principle 1, only the occurrence of motives in the solutiba ohess prob-

lem is taken into account for the construction of a surmise relation. edeuvy it

may be necessary to detect a motive more than once to solve a chess prohlem. So
it seems to be plausible that the multiplicity of motives occurrindgpasolution of

a chess problem also influences its difficulty. To describe this influencsathe
concept of anultiset A multiset is a set with the additional property that elements
can occur more than once. We write in the followiag, . . ., z,,] for a multiset
containing the elements, . .., z,,. Note that in contrast to usual sets some of the
elements can be identical, 89 = z; can occur for some, j € {1,...,n} with

i # j. As an example for the difference between multisets and sets in the usual
sense we havér,z} = {z} but [z, z] # [z]. We can define a binary relation
C,n, calledmultiset inclusionon the multisets by:

[mlv"'vmk] Cm [mllw"vm;];
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if and only if there exists an injective functigh: {1,...,k} — {1,...,1} with
m; = m'f(i). Hence, a multiseX is included in a multiset”, if and only if
every element occurs at least as frequentlyias inX. For example, we have
[z,y] Cwm [z, 2,y] i [z, 2,y,y]. Itis obvious thatC,, is a partial order.

For a chess problemlet G(p) be the multiset of motives that a subject must
recognize in order to find a correct solution far Suppose that the difficulty
of a chess problerp depends only on the multisét(p) of motives contained
in the solution ofp. To establish a surmise relatiet, on P(1) it is therefore
sufficient, because we can identify a problgmvith G(p), to define for problems
p,q € P(M),

p=22q: G(p) Cm G(g).

As in Principle 1, we want also to consider differences in the difficudtyetc-
ognize motives. So, we have to generalize the multiset inclusiorcipkinwith
respect to the relation,; on the motive sefi/. We define a relatiorx!, for
p.q € P(M) by,

p =5 ¢ Gp) S, G(a).

The relationC!, is given by the following definition. LeL (M) be the set of all
multisets containing only elements frah.

DEFINITION 3.2 Let[mq,...,mg],[m},...,m;] € L(M). Then[m,...,
my] CI, [mi, ...,my], if and only if there exists an injective functiofi :
{1,...,k} = {1,.... [} with m; Ty m, foralli € {1,...,k}. O

The reflexivity and transitivity ofC/, follows, as in Principle 1, from the
transitivity of C»,; and the fact that the convolution of injective functions is also
an injective function. Note that!, depends strongly on the assumed quasi—
orderC,; on the motive sefi/. This dependency is illustrated by the following
example.

ExAMPLE 3.2 LetM := {a,b}. Fig. 3 shows the resulting quasi-ordel,
on the set of all multisets containing at least two element¥ dbr two different
assumptions concerning,,. In onea Cjs b is assumed (all edges), in the other
this assumption is dropped (solid edges only). m|

Note that for the special case; Ty m; < i = j we haveC] =C,,, the
relationC!, is identical with the multiset inclusiof,,,, which implies trivially
that the surmise relations, and =</, are also in this special case identical. In
general, we have <2 ¢ = p <}, ¢, i.e. Rs isincluded in<j}.

Principle 3 (sequence inclusion)

In Principles 1 and 2, the order in which the motives occur in the soluf a
chess problem does not affect the resulting surmise relation. Ignthiggrder
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[b,b]

1
[a.b]

/T,

[b] [a,a]

s

[a]

FIG. 3. Surmise relation of? (M), accordingly to “Principle 2" (multiset inclusion). Solatiges indicate
the resulting quasi-ordet ., if it is assumed that s y < = = y, withz,y € {a,b}. Dotted

—m

edges indicate the additional pairs, if it is assumed#th@frs y < @ =y V (z = a Ay = b), with
z,y € {a,b}.

may be problematical for the analysis of chess problem solving, because of f
ward and backward search strategies in problem solving. In Principle 8ytter

in which the motives occur in the solution of a problem plays a centhalindhe
construction of the surmise relation é{1/). The central idea of Principle 3 is
that a problena is more difficult than a problemif the sequence of motives that
must be recognized by a subject to salvimcludes the sequence of motives that
must be recognized to solve

For a chess problem € P(M), let H(p) be the ordered tuple of motives
that occur in the solution of the problemf(p) = (my, ..., m;) means that the
first motive which occurs ig;, the second isn,, etc. Note that one motive can
occur more than once withiH (p). In this case, the multiplicity of motives is also
covered, for examplegn; = m; for i # j.

The order in which the motives occur in the solution of a proBiésrvery
important for Principle 3. However, it will be clear from our ordeyiprinciple
that the resulting surmise relation will not change if the or@ex, ..., my) is,
for all problems, inverted tomy, . .., m;). We define,

Mk = {(m17"'7m’€) |m17"'7mk € M}’
My = Upen M-

4 The order, in which the motives are recognized by a subjectpi necessarily identical with the
order in the solution of a problem, and in the solution plaspectively.
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M, is the set of all ordered k-tuples of motives fravh and My is the set of all
ordered tuples of motives frod?. We define a binary relation aiy by,

(m17"'7mk) E (mi7"'7m;)7

if and only if there exists a strictly increasifyinctionf: {1,...,k} — {1,...,1}
with m; = m’f(i). Hence(my,...,mg) C (m],...,m)), ifand only if (m4,. ..,
my) can be obtained by deleting motives frgm/, ..., m;). For example, we
have(z, z) C (z,y, z) but(z, z) Z (z,y, ) because we can gét, z) by deleting
y from (z, y, z) but no deletion of an element ¢f, y, «) can yield(z, z).

Suppose that under suitable conditions the difficulty of a chesdgamb €
P(M) depends only orH (p). To establish a surmise relatio; on P(M),
we identify a problenp with H(p). It is then sufficient to define for problems
p,q € P(M),

p =23 ¢ H(p) C H(g).

We extend the sequence inclusion principle in order to consider afsvatites
in the difficulty to recognize motives. We define a relati®ffor p,q € P(M)
by

p=25q: H(p) T H(q),

where the relatiol’ is given through the definition below.

DEFINITION 3.3 Let(mq,...,mg),(m},...,m)) € My. Then(m,...,
mg) C' (m4,...,m;), if and only if there exists a functiofi : {1,...,k} —
{1,...,1} that fulfills the following conditions:

1.Vi,jedl,....k} (i <j—f(i) <f()),

ZV]E{].,,]C} (mj Cam m’f(])) O

The reflexivity ofC’ is obvious (choose the identity fg). The transitivity of
C' follows because of the transitivity @ 5, and the fact that the convolution of
two monotonic increasing functions also has this property. Hentes a quasi-
order, that depends on the relatior, on M. The following example illustrates
this dependency.

ExampLE 3.3 LetM := {a,b}. Fig. 4 shows the resulting quasi-ordet
on M; U M> C P(M) for two different assumptions concernifg,,. In one
a Ty bis assumed (all edges), in the other this assumption is dropped (solid
edges only). a

For the special caser; Ty m; < i = j we haveC=L' and therefore
=3==%. Ingenerap <3 ¢ = p <X} ¢, S0=<;z is included in<}.

SAfunctionf : {1,...,k} — {1,...,1}withi < j = f(i) < f(4) is called strictly increasing.
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FIG. 4. Surmise relation of?( M), accordingly to “Principle 3" (sequence inclusion). Saidges indi-
cate the resulting quasi-ordet, if it is assumed that Ty y < @ = y, withz,y € {a, b}. Dotted
edges indicate the additional pairs, if it is assumedih&fy, v <& @ = y V (¢ = a Ay = b), with
z,y € {a,b}.

Comparison of the Principles

A comparison of the surmise relatior§, <}, and=/, resulting from our three
ordering principles shows that! is strictef than<}, and that<}, is stricter than
=<%. We summarize and prove this dependency in the following theorem.

THEOREM: Let M be a set of motives ang ¢ € P(M). Then we have

1L.p=bqg=>p=iq
2.pq=>p=q

Proof: First, we show the implicatiop=<,q = p=<q. LetG(p)=[m1, ..., m¢]

andG(g) = [mf,...,m;] be the multisets of motives that must be recognized
to solve the problems andq. p <) ¢ implies by definition the existence of an
injective functionf : {1,...,k} — {1,...,l} with m; Cy, m’f(i). Because

we haveF'(p) = {m,...,my} andF(q) = {m{,...,m;} this trivially implies
F(p) C' F(q). Hence, the implicatiop <) ¢ = p <! ¢ follows directly.

Second, we show <% ¢ = p <} q. Let H(p) = (my,...,my) andH(q) =
(mf,...,m;) be the sequences of motives occurring in the solutions of the prob-
lemsp andq. p =<} ¢ implies the existence of a functiof : {1,...,k} —
{1,...,1} with the propertie®i,j € {1,...,k} (i < j = f(i) < f(j)) and

6 We call a relationR to be stricter than a relatioR’ if R’ is included inR(R’ C R). This is
equivalent to the fact that for everyandy the implicationz Ry = xR’y is true.
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Vi € {1,...,k} (m; Car my(;)). Because every strictly increasing function is
also injective, this directly implieg </, ¢. O

KNOWLEDGE SPACESFOR CHESSPROBLEMS

For an empirical test of the three ordering principles described above, Bl€t o
tactical chess problems has been constructed. For the solution of each of these
problems only the motives shown in Table 1 have to be detected. Thetéator
motive set)M is given through/ = {F,G, E,C,T,S}. Each problem contains
four motives at the most. The number of moves necessary for the sohftio
the problems ranges from one to four, although one move does not aglyess
representone motive. In all problems White moves first and has to firaptireal
moves in the given position. The optimal moves do not necessarily leaohtde.
Forcing a draw by stalemate or reaching a winning position can also baapt
solutions. A complete list of the 16 problems, their characterizationges of
motives and the solutions are provided in Table 2.

In the following, we characterize chess problems by the ordered tuples of
motives occurring in their solution. From this characterization as radtiples,
the corresponding characterizations as multisets or sets of motives canbeasily
derived.

Remember that the surmise relatiors, <, and=/, derived from the prin-
ciples “set inclusion”, “multiset inclusion” and “sequence inclusion” deptnd
a great extent on the assumed quasi—ofdgron the motive set. As mentioned
already for the special caseCy y < =z =y forall z,y € {F,G,E,T,C, S},
where is assumed that none of the motives can be detected more easily than other
motives, we haves; ==, <y==}, and=<3=x.

For our ordering principles, we distinguish in the followingueen two types
of different hypothetical problem structures. If we assume that notieeofno-
tives can be recognized more easily than other motives, [y m; < i = j),
the surmise relations;, <, and <3 consist of two nonconnected structures.
If we assume that the motive fork can be detected more easily than the mo-
tives S, E,C,G, T formalized bym; Cyy m; & i = jV (m; = FAm; €
{S,E,C,G,T}), surmise relationg’, </, and=, with additional relational de-
pendencies between problems result.

The surmise relations; and=</ on the problem set are depicted in Fig. 5 as
a Hasse-Diagram. The surmise relatiefisand </, are depicted in Fig. 6, and
the surmise relations; and=< are depicted in Fig. 7.
Note that the relations, and<; differ only in three relational dependencies. For
=<2 we have(G, E,S) <2 (E,G,S), (E,G,S) <2 (G,E,S),and(G, E, S) <
(E,E,@d,S), whereas for<3, these relational dependencies do not hold, that
means'(GaEvS) £3 (EvaS)7 (EvaS) £3 (G,E,S), and(G,E,S) £3 (Ev
E. @G, S). Because of this small difference it seems to be hard to decide empir-
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TABLE 2
Complete List of Chess Problems for Experiment 2

Type Position Solution Alternative
(S) White Kal Qf5 1. Q arbitrary
Black Kh8 Pg6 except of Qg6:,Qh5
(G, S) White Kh1 Bf2 1. Bg3 Qg3:
Black Kc7 Qe5 stale-mate
(E,G,S) White Kh1 Bf2 Ktc3 1. Ktd5+ cd5:
Black Kc7 Qf4 Pc6 2. Bg3 Qg3:
stale-mate
(E,E,G,S) White Kal Bc2 Ktf3,d7 1. Kte5+ de5:/feb:
Black Kf7 Qc4 Pf6,d6 2. Kte5:+ fe5:/de5:
3. Bb3 Qb3:
stale-mate
(C,S) White Ka3 Pb2 1. b4+ ab3:ep/cb3:ep
Black Kc5 Rh2 Pa4,b5,c4 stale-mate
(G,C,S) White Kh3 Bg4 Pg2 1. Bf5+ Kf5:
Black Kg6 Rc2 Ph4,g5,f4 2. g4+ hg3:ep/fg3:ep
stale-mate
(T, S) White Kh5 Pf7 1. f8R
Black Kh7 win
(G,E,S) White Kal Bc2 Kte2 1. Bb3 Qb3:
Black Ke6 Qc4 Pe5 2. Ktd4+ ed4:
stale-mate
(F) White Kb2 Ktf3 1. Kte5+ draw
Black Kf7 Qc6
(G, F) White Khl Be3 Ktc3 1. Bf4 Qf4:
Black Kc7 Qe5 2. Ktd5+ draw
(G,F, F) White Kgl Bc6 Kte4,g4 1. Bd5 Qd5:
Black Kg8 Qe6 Pg7 2. Ktfe+ gf6:
3. Ktf6:+ draw
(G,G,F,F)  White Kbl Bg3 Kth4,e7 Pf7,c2 1. f8Q(R)+ Bf8: 1. Ktg6+ hge:
Black Kh8 Qf6 Bg7 Ph7 2. Be5 Qeb: 2.f8Q+ Bf8:
3. Ktg6+ hg6: 3. Be5 Qe5:
4, Ktg6:+ draw 4. Ktg6:+ draw
(G,G, F) White Kbl Bg3 Kth4 Pf7,e2 1. f8Q(R)+ Bf8:
Black Kh8 Qf6 Bg7 2. Be5 Qe5:
3. Ktg6+ draw
(F,F) White Kb2 Kte3,c3 1. Ktd5+ ed5:
Black Kc7 Qf4 Pe6 2. Ktd5:+ draw
(T, F) White Kcl Pf7,b2 1. f8Kt+ win
Black Kh7 Qd7
(T, F, F) White Kbl Kte4 Pf7 1. f8Kt+ Bf8: 1.Ktf6+ Bf6:

Black Kh7 Qd7 Bg7

2. Ktfe+ draw

2.f8Kt+ draw
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FIG.5. Solid edges indicate the resulting surmise relatian(set inclusion), assuming thatC »; y <
z = y,withz,y € {F,G,E,T,C,S}. Al edges indicate the surmise relatiofi;, assuming that
ctCyyeoe=yVe=FAyec{G,ET,C,S}).
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FIG. 6. Solid edges indicate the resulting surmise relation (multiset inclusion). It is assumed that
xCym y e =y wthe,y € {F,G, E, T, C, S}. All edges indicate the surmise relatieti,. Here
itisassumedthat Cpy y < e =y V(e =FAy € {G E,T,C,S}).
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(G,G,FF) (G,E,S) (G,.CS) (E,E,G,S) (T,F,F) (T,S)

\ L

(G,G,F) (E.G,S) (C.8)

A\
(G,F,F)

(T.F)

F

FIG. 7. Solid edges indicate the resulting surmise relatign(sequence inclusion). It is assumed that
zCy y e z=ywthe,y € {F,G, E,T,C, S}. Al edges indicate the surmise relatiet},. Here
itisassumedthat Cpy y > x=yV (e =FAy € {G E,T,C,S}).

ically between Principle 2 and Principle 3 with respect to the selected problem
set.

We have to mention here that it will not be easy to construct a problem set
for which the surmise relations, and <3 show a greater difference. The reason
is that the motive sequences in solutions of chess problems can not bd vari
arbitrarily. The motive “stalemate”, for example, can only occur at the end of
such a motive sequence, whereas the motive “elimination” cannot occur as last
motive in a motive sequence. An additional restriction is that somé/esotan
occur only in connection with others. For example, the motive “elimamétcan
only occur in connection with “stalemate”.

The knowledge spaces corresponding to the surmise relatigas , <2, <),
=3, and=} are indicated in the following a8, ,KC{, KCa, K}, K3, andKCs.

EXPERIMENT |

To test the validity of our ordering principles empiricdllyve compare the quasi—
ordinal knowledge spacés, K}, K2, K}, K3, andKj derived from these order-
ing principles with the response patterns of 46 subjects, that wonketlen16
problems described in Table 2. The investigation was conducted at thedPsych

7 The data of Experiment | and their analysis concerning ‘thple 1” and “Principle 3” are already
published in Albert, Schrepp and Held (1994).
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logical Institute of the University of Heidelberg.

M ethod

The experiment was conducted with 37 male and 9 female subjects. Their ages
ranged from 14 to 71 years. All of them were familiar with the basic rufes o
chess. The subjects were recruited through an announcement in the locanewsp
per. For taking part in the investigation each subject was paid DM 12,—eXhe
periment was conducted in an experimental room. The problems were presented
on a computer screen (SUN-3 workstation with monochrome monitorjtend
subjects were required to make their moves using a mouse.

A run of the experiment consists of two main phases: a training phasanand
experimental phase. The training phase allows the subjects to learn aridgract
moving the pieces on the computer chess board. On completion of thengraini
phase, the experimental phase, starts with three very simple “dummigprsit)
that are not relevant for further analysis. After the presentation otthrésal
problems was finished, the 16 problems described in the last section veere p
sented in random order.

The subject had 90 seconds to work out a solution plan to a problerar Aft
that, each move had to be made within 30 seconds. If this time is exceeded, a
message is displayed requesting the subjects to draw faster. Thertiitagitins
were chosen to preclude two kinds of strategy on the part of the subjét®
prevent any subject moving too soon without having thought seffiti about
the solution to the problem, and (2) to prevent the subject comiintoi work out
a solution while making his or her moves.

After each move by the subject, the computer either made a suitable reply (if
the subject’'s move was correct), or the game was terminated (if eitherdhkepr
was completed or the subject’s move was wrong). At no time do subjectseecei
feedback concerning the correctness of their answers.

Results

An overview about individual results is provided in Table 3.

First, how well do the data fit our knowledge spaces? Table 4 provides th
number of states (elements of the corresponding knowledge space), themum
of subjects with response patterns congruent with a state, the nunespohse
patterns not congruent with any state, as well as the numldiffefentcongru-
ent and not congruent response patterns within the data. Table 5 prdsents t
symmetric distancesbetween response patterns and closest states.

8 The symmetric distancé between two setd and B is defined as follows:
d(A,B) :=| AA B |,whereAA B=(A\B)U(B\ A).
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TABLE 4
Possible States and Response Patterns for Experiment |

Knowl. Number of Number of Number of Number of Number of

space states congruent non congruent  different  different n
patterns patterns congruent congruent
patterns patterns
K1 85 7 39 4 32
Kh 35 5 41 2 34
K 575 27 19 20 16
ICh 213 22 24 15 21
K3 1025 28 18 20 16
Ky 368 23 23 15 21

TABLE 5
Frequency of Distances Between Response Patterns andsChiates for Experiment |

Knowl.

Average
space Distances Distance
0 1 2 3 4
K1 7 20 13 4 2 1.43
K1 5 21 12 4 4 1.59
Ko 27 13 5 1 0 0.57
KCh 22 15 7 1 1 0.78
Ks 28 14 3 1 0 0.50
Ky 23 15 7 0 1 0.72

Number of subjects who solved all problems: 4
Number of subjects who solved no problem: 0

Discussion

The results of the experiment show that the principle “set inclusga®ms to
be less adequate for the ordering of chess problems concerning theirltifficu
than the principles “multiset inclusion” and “sequence inclusion”. Aseexgd,

it seems to be impossible to decide on the basis of this results betwedis&h
inclusion” and “sequence inclusion”.

Despite the fact that the quasi-ordinal knowledge spagek’ , K2, K}, s,
andK’; are assumed to be purely deterministic, in comparing them with response
patterns we have to consider influences like “lucky guesses” or “careless’errors
(see Falmagne & Doignon, 1988)

9 The probability of lucky guesses and careless errors mugetyelow. If we assume for instance
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Table 5 shows that for the quasi-ordinal knowledge spaces derived fiom P
ciples 2 and 3 the symmetric distances between response patterns and closest
states are rather small. So most of the deviations between responsespattern
and the hypothetical knowledge spaces derived from these principles may be e
plained by such influences like lucky guesses or careless errors. Therefoee, thes
principles seem to be adequate for our set of chess problems.

In analyzing the results, special attention should be paid to the propsr
between the number of states and the number of nonstates (i.e. the stilisets o
problem set that do not belong to the corresponding knowledge spadb one
hand, and the proportions between the number of response patternsemngr
with states and the number of response patterns not congruent with stathe
other. The best fitting spadé; contains only 1.6 % of the theoretically possible
response patterns, while it contains 61 % of the observed responsepatt

The additional assumption that the motive “fork” can be recognized more eas
ily than all of the other motives leads for both principles, “multisetusion” and
“sequence inclusion” to a reduction in the number of hypothetical knayeed
states. It therefore comes as no surprise that this assumption leadarten |
number of response patterns which do not agree with the quasi-oraioai-k
edge spaces derived from these principles. Most of them, however, havala s
symmetric distance.

In comparing our ordering principles with respect to their adequacy to de-
scribe the difficulty of chess problems we have to deal with the prolietthe
quasi-ordinal knowledge spacks,KC}, K, K, K3, andK differ extremely in
size. Because both the average symmetric distance and the number of congruen
response patterns depend on the size of a knowledge space, these numbers can
not be interpreted directly. An approach to solve this problem is predémthe
general discussion.

EXPERIMENT I1

In a replication of our first experiment, which was conducted at the Uniyers
of Graz (Austria), the response patterns of 46 subjects were compatethwit
guasi-ordinal knowledge spaces derived from our ordering principles.

Method

The experiment was conducted with 38 male and 8 female subjects. All of them
were familiar with the basic rules of chess. 21 subjects were members of chess
clubs, whereas the rest were pupils or students of the Universityaaf, Gnd were

that the probability of both careless errors and lucky gees$s0.05, then the probability that the
response pattern of the subject is equal to the subjectiwlkdge state i9.9516 ~ 0.44.
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pure hobby-players. Therefore, the chess-playing ability of theestgyaried

over a wide range. The subjects were not paid for taking part in the igaden.

The ages of the subjects ranged from 6 to 64 years. The experiment was con-
ducted partly in a chess club, a school, and in a chess cafe. The problems were
presented on a laptop-computer. The laptop was operated by the experjis@nter
the subjects made their moves verbally and the experimenter entered thesse mov
into the computer.

The experiment consists, similar to Experiment |, of two phases,taugis
tional phase and an experimental phase. In the instructional phase the- exp
mental setting and the way the subjects can give their solutions weraireqgl
After the instructional phase was finished the experimental phase steitted
three simple “dummy problems” (identical with the dummy problenesilis Ex-
periment 1), which are not relevant for further analysis. Then, the d6lpms
described in Table 2 were presented in random order.

The time limitations are similar to Experiment I, the subject had 90rs#x0
to work out a solution plan and, after that, each move had to be made within
30 seconds. If a subject exceeds the time limitations, the experimeuaigres
the subject verbally to make a move. After each move of the subject, a suitabl
reply was shown on the screen (if the subject's move was correct), or the gam
was terminated (if either the problem was completed or the subjects move was
wrong). At no time do the subjects receive feedback concerning the correctness
of their answers.

Results

An overview about individual results is given in Table 6.

In Table 7, the number of states, the numbers of congruent and noneongru
ent response patterns and the number of different congruent and noneingru
response patterns is shown. Table 8 provides an overview about teeveths
symmetric distances between response patterns and closest states.

Discussion

A comparison of these results with the results of Experiment | shattiey
are nearly identical. The differences in the experimental setting had almost n
influence on the results. Another remarkable point is that in Experithettt of
the 46 subjects were members of chess clubs, whereas in Experiment | almost all
subjects were pure hobby players. This implies that the characterizatibe of
problems’ difficulty, which is given through our surmise relatigissvalid over a
wide range of chess playing ability.

As in Experiment I, the principle “set inclusion” seems to be less adequate
for the ordering of chess problems than the principles “multiset imailisand
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TABLE 7
Possible States and Response Patterns for Experiment II

Knowl. Number of Number of Number of Number of Number of

space states congruent noncongruent  different  different n
patterns patterns congruent congruent
patterns patterns
K1 85 7 39 4 36
Kh 35 6 40 3 37
Ko 575 23 23 18 22
ICh 213 20 26 16 24
Ks 1025 25 21 20 20
Kh 368 20 26 16 24
TABLE 8

Frequency of Distances Between Response Patterns andsChiates for Experiment Il

Knowl. Distances Average

space 0 1 2 3 4 Distance
K1 7 18 13 7 1 1.50
Ky 6 15 14 10 1 1.67
K2 23 19 2 1 1 0.65
ICh 20 16 7 2 1 0.87
Ks 25 17 3 1 0 0.57
Ky 20 16 7 3 0 0.85

Number of subjects who solved all problems: 4
Number of subjects who solved no problem: 0

“sequence inclusion”, whereas it seems to be impossible to decide on te@basi
these results between the last two principles.

Examine in Table 8 the observed symmetric distances between response pat-
terns and closest states and compare the number of states with the number of
response patterns congruent with states and response patterns noenbwifiu
states. This examination shows that the principles “multiset inalisiad “se-
guence inclusion” seems to be adequate for the ordering of tactical chess prob
lems.

The additional assumption concerning the motive “fork” leads, as ireExp
iment |, to a reduction of congruent response patterns and to an incredme in t
average symmetric distances. Because the quasi-ordinal knowledge &fjaces
and K} derived from this assumption are contained in the corresponding spaces,
K, andC3 we cannot conclude from this increase of empirical violations that the
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additional assumption concerning the motive “fork” is inadequate. Wer ttef
this problem in the general discussion below.

GENERAL DISCUSSION

In the discussion of our experiments we already mentioned that it iegsifple
to compare the quality of our quasi-ordinal knowledge spaces usiygtmnbb-
served number of congruent patterns and the observed average symmigztnicadis
between response patterns and spaces. The reason is that these numbers depend
on the size of a space. For smaller spaces we will expect more violations than
for larger spaces. In the following we will suggest three approachedve tos
problem. These approaches try to compare spaces of different size by reigtivizi
the number of observed violations to the size of the sfface

First, we discuss an approach of van Leeuwe (1974). This approach evaluates
the fit of a surmise relatior to a binary data matrix by comparing the observed
correlations between items with the expected correlation if it is assumeekthat
is correct. The fit between surmise relation and data is measured by the so called
correlational agreement coefficie@®®, which is defined by

2
CA = 1—7) Z(Tz'j —7";»})2,

m(m —1) &~
1<jJ

wherem is the number of items;;; is the Pearson—correlation (Phi-coefficient)

between item and itemj, andr;; is defined by

1 if i<jAj=<i
o 3 VA= /A —pp: i jAG A
Y VA —pjpi/(T—pip; K idjng=i
0 otherwise

Herep; is the proportion of subjects that solved itérandp; the proportion of
subjects that solved itesn  The higher the value of CA is, the better is the fit
between surmise relation and data. For a detailed description of this apgesach
van Leeuwe (1974).

A second approach for the comparison of surmise relations concerning their
fitto a given data set is to count for each relational dependen<y in a surmise
relation< how often it is violated. A violation means here that a subject solved
z and failed in solvingy. The fit between a surmise relatiehand a binary data

10 We have to mention here that all three measures are praginapiproaches to compare the fit of
spaces to observed data, which are theoretically not wetided. Models, which relate space size
and random influences (lucky guesses or careless errorsg toumber of observed violations of a
space are, at the moment, not available.
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matrix is then measured by th@lational coefficienv/C defined by,
VC := |_<| Z Vij ,

wheren denotes the number of subjecis, the number of problemg=| the
number of relational dependencies{randv;; is the number of violations of the
relational dependenay< j if this dependency is contained #and0 otherwise.
We use(|=%| —m) in the denominator of the fraction, because theelational
dependencies of the form < ¢ can not be violated empirically. VC can be
interpreted as the average number of violations of relational dependéngigs
with (i # j) contained in<. Therefore the lower the value of VC is, the better is
the fit of < to the data.

A third approach, described in Schrepp (1993), makes use of the average sym
metric distance between a knowledge structure and a binary data matexit Th
between a knowledge structuteand the data matrix is measured by the so-called
distance agreement coefficidb defined as,

_ ddat
~ dpot’

where ddat is the observed average minimal symmetric distance beitward
the observed set of response patterns and dpot is the average minimasiom
distance betweeit and the power set of the item $et The value dpot can be
interpreted as the expected average symmetric distakteahtains no informa-
tions concerning the solving behavior of subjects, in other wortiseifdata are
randomly chosen. The value of dpot decreases with the siké éfence, a de-
crease of ddat with an increase of the siz&’aé compensated by an increase of
dpot. A lower value of DA indicates a better fit &fto the data. For more details
concerning this approach, see Schrepp (1993).

Table 9 shows for each of our surmise relatiefis=</,<2, <5, <3, and=<%,
respectively the corresponding quasi-ordinal knowledge spaces, thes\lthe
coefficients CA, VC, and DA. Because there are no systematical differences be-
tween the data from Experiment | and Experiment Il, we have calculated the val
ues of the coefficient for the union of the data sets.

The three measures, although they are based on different ideas of relgtivizin
the number of observed violations to the size of the space, coincide peifect
the assertion that the principle “set inclusion” is less adequate fatebeription
of the difficulty of chess problems than the principles “multiset inidosand

11 Formally we have ddat= 3" .., min({d(P, K) | K € K})/ | D |, whereD denotes the set
of all observed response patterns and dpoty - p . » min({d(P, K) | K € K})/ | P |, whereP
denotes the power set of the item set.

12 Remember that a higher value of CA indicates a better fit obaespo the data, whereas for VC
and DA the converse holds.
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TABLE 9
Values of the Coefficients CA, VC and DA for Our Data From Exyment | and Experiment Il

Knowl. space CA VC DA
K1 0.831 0.057 0.34
Kl 0.863 0.054 0.34
Ko 0.842 0.025 0.18
Kh 0.863 0.027 0.21
Ks 0.836 0.024 0.17
Kh 0.867 0.027 0.21

“sequence inclusion”. On the basis of our results, it is impossibtetide be-
tween the last two principles, because the values of all three coefficients dye near
identical for the spaces, andK;.

Remember that the relations!, and <, differ only with respect to the re-
lational dependencie§+, E,S) =<, (E,G,S), (E,G,S) <, (G,E,S) and
(G,E,S) <, (E,E,G,S), which do not hold for<}.

The relational dependendyr, £, S) <!, (E,G,S) is violated by 10 of our
92 subjects: 10 subjects solvél, G, S) and failed in solving(G, E, S). The
relational dependendyE, G, S) <), (G, E, S) is violated by 3 subjects, whereas
(G,E,S) =, (E,E,G,S) is violated by 14 subjects. So at least the two rela-
tional dependencigsr, E, S) <}, (E,G, S), and(G, E,S) <, (E,E,G,S) are
not supported by our data.

The space&’), andK’}, which are based on the additional assumption that the
motive “fork” can be recognized more easily than the other motives in our mo
tive set, show accordingly to the DA and VC coefficients a lower fit to tha dat
than the spacek> andC3, whereas for the CA coefficient the converse holds.
Therefore, no clear assertion concerning the adequacy of this additionalpgssum
tion can be drawn. The surmise relatior$ and <’ based on this additional
assumption show a better approximation to the observed correlationsdrebur
chess problems than the relatiolg and <3;. However, they also show a worse
approximation concerning the violation of relational dependencies contained
them and observed minimal symmetric distances relativized to the size@jrthe
responding spaces.

Another point that should be discussed is the suitability of nestifor the
characterization of chess problems. Motives may only be adequate as “exclusive”
components of simple problems as used in our investigations. Howaber
features of the problems may influence their difficulty. For example, iffie d
culty of a problem may also be dependent on the number of pieces that appear
on the board. However, a surmise relation which is solely based oruthber
of pieces, for example, leads to an average symmetric distance of 2.74 in Ex-
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periment | and of 2.63 in Experiment I, which are extremely high compared t
the average symmetric distances of our best spacé0.5 and 0.57 in Experi-
ment | and Experiment Il) respectively. In our experiments, we tried tormize

the influence of other problem elements by striving for maximal homogeaoti

the problem set. With more complex problems, the set of relevantgmotom-
ponents will still contain motives, but other factors that are indispble in the
knowledge of a good chess player may become relatively more importaneé Mor
information concerning these other factors can be gained from the irastig

of De Groot (1965). However, it seems possible to capture also thega$ by

the theory of knowledge spaces or one of its generalizations.

Our investigation was based on an extension of the theory of Doignon and
Falmagne (1985, 1998). We have provided principles for the edtaidist of
surmise relations and quasi-ordinal knowledge spaces that are primiepé&n-
dent on problem components. In addition to Doignon and Falmagne, whotdo
consider the properties of the problems themselves, we are particul@lgsted
in those components of problems that may be fundamental to the sustaigen
and the corresponding quasi-ordinal knowledge space. In both ouettoaband
empirical investigations we were able to show that the theory of kn@elspaces
can be used for testing psychological assumptions, which may be Ffoitftne
theory of problem solving in general.
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